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This study deals with the time-dependent creep analysis of functionally graded thick-
cylinders under various thermal and mechanical boundary conditions. Firstly, exact thermoelastic 
stress, and iterative creep solutions for a heat generating and rotating cylindrical vessel made of 
functionally graded thermal and mechanical properties are proposed. Equations of equilibrium, 
compatibility, stress-strain, and strain-displacement relations are solved to obtain closed-form 
initial stress and strain solutions. It is found that material gradient indices have significant 
influences on thermoelastic stress profiles. For creep analysis, Norton’s model is incorporated into 
rate forms of the above-mentioned equations to obtain time-dependent stress and strain results 
using an iterative method. Validity of our solutions are at first verified using finite element 
analysis, and numerical results found in the recent literature have been enhanced. Investigation of 
effects of material gradients reveals that radial variation of density and creep coefficient have 
significant effects on strains histories, while Young’s modulus and thermal property distributions 
only influence stress redistribution at an early stage of creep deformation. 
Next, a more realistic model of introducing microscale creep effects into a macroscopic 
modeling is employed to investigate the creep behavior of functionally graded hollow cylinders. 
Finite element (FE) simulations are employed to evaluate the position-dependent parameters 
associated with creep constitutive law at the microscale. A macroscopic FE model solves the non-
linear boundary value problem to determine the time-varying creep stresses and strains. The 
framework proposed is capable of predicting the creep response of functionally graded pressure 
vessels based on the constitutive behavior of the creeping matrix, and volume fraction profile. 
Effective creep properties have been computed using three different micromechanical models and 
the homogenized creep response and its effect on the macroscopic behavior are compared. 
Considering the computational expenses associated with the large 3D finite element models, the 
ix 
 
simple 2D axisymmetric model is able to closely capture the creep behavior in such multiscale 
methods. Finally, a multi-objective particle swarm optimization algorithm is implemented to 
minimize the initial stress and final creep strain of functionally graded cylinder subjected to 




CHAPTER 1:  INTRODUCTION 
An overview of the dissertation, motivation, background, research objectives and 
contributions and out an outline of the dissertation are presented in this chapter. 
1.1 Motivation 
Aerospace and energy production applications require components to withstand high 
temperature, and demonstrate high strength at the same time. This can be achieved by designing 
advanced composites by utilizing special characteristics of different materials e.g. combining high 
strength of metals with high temperature resistance of ceramics. Coating of ceramic layers onto a 
metal surface leads high stress concentration due to abrupt transition of material properties at the 
interface, resulting in failure of the coating by cracking, spalling, delamination etc. In order to 
mitigate these damages, materials with smooth spatial gradient in properties, known as functionally 
graded materials (FGM) were developed in the 1980s by Japanese scientists working on thermal 
shock in space shuttles.  
Hollow cylinders are widely used in engineering applications, often exposed to high stress 
levels at elevated temperatures. Under these conditions, creep deformations are significant and 
dictate the useful life of the structures. There is strong need for time-dependent analyses for 
predicting the performance and life-time of the cylindrical structures. Experimental creep 
evaluation of composite materials is time-consuming and expensive, so computational techniques 
become useful in predicting and assessing service life of structures. Although research is being 
done in analyzing thermoelastic behaviors, and on the steady-state creep response of FGM thick-
walled cylinders, time-dependent creep analysis under various boundary conditions remains an 
active area of interest. Solving creep constitutive equations for FGMs is complicated. For this 
reason, development of analytical and numerical methods for analyzing creep behavior is of utmost 
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importance. It is typical in analytical and semi-analytical methods to make restrictive assumptions 
for material variation in order to simplify solutions. The analytical studies are applicable to limited 
cases only, and cannot be used directly for quantitative evaluation in design and decision making. 
This limitation can be overcome by moving towards advanced multiscale methods by unifying the 
creep behavior of FGMs at the microstructural level to the stress-strain response at the macroscale. 
The dissertation has two major objectives. The first is to develop analytical solutions for 
thermo-elastic, and time-dependent creep deformations for FG thick-walled cylinders exposed to 
various thermal and mechanical loading conditions. An accurate analytical model contributes 
towards qualitative understanding of creep deformations of FG cylinders, and in numerical 
validation of advanced computational models. The second objective is to present a multiscale 
framework to predict and implement local creep behavior of the FGM it the macro body to obtain 
numerical solutions for FGM cylinders. This research is expected to significantly extend the 
current ability to incorporate creep deformations into the design of FG thick-cylinders, which are 
potential structural components operating under severe conditions. The models are beneficial to 
investigate the choice of material combinations and heterogeneity profiles, thereby reducing cost 
of materials, fabrication, testing associated with experimental trials.  
1.2 General background 
1.2.1 Functionally graded materials (FGMs) 
FGMs are advanced composite materials of two or more constituents, tailored to exhibit a 
smooth variation of composition or microstructure with location. Advances in manufacturing 
techniques have allowed material ingredients to be combined and its composition engineered in 
ways to make the best use of properties unique to each constituent. This means that design 
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engineers have a wider choice of potential materials to meet functional requirements of 
applications, specifically under severe environments. Figure 1.1 shows a representation of a FG 
microstructure. There is a gradual transition from one constituent to another. 
 
Figure 1.1: Representation of a FG microstructure [1] 
FGMs take their motivation from natural structures such as bamboo, bone etc. Figure 1.2 
shows the interior structure of bamboo. The gradual property variation is formed by varying 
chemical composition, microstructure etc. with location. Thus, components can be manufactured 
for applications where different properties are desired at different surfaces, e.g. a metal-rich side 
can be used in regions where superior mechanical properties are required, while a ceramic-rich 
side can be used to withstand high temperatures. The gradient can be built up continuously or in 
step-wise formation, followed by a consolidation process (drying, sintering or solidification) [2]. 
It is possible to optimize the material composition profile to extract maximum benefit of the 
inhomogeneity by minimizing stress-strain levels in a structure developed during both its 
processing and service life under extreme temperatures. Advantages of functional grading include 
[3]: 
1. Reduced in-plane and transverse through-the-thickness stresses 
2. Improved residual stress distribution 
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3. Reduced stress intensity factors 
4. Enhanced thermal properties 
5. Higher fracture toughness. 
 
Figure 1.2: Distribution of fibers in bamboo [4], [5] 
1.2.2 Potential applications of functionally graded materials 
FGMs can effectively reduce thermal mismatch between neighboring materials, and can 
be used to manufacture components for applications where specific properties are favored at 
different surfaces. They have tremendous applications in joining dissimilar materials such as 
ceramics to super alloys for thermal barrier coatings (TBC), gas turbines, turbochargers etc. 
Plasma divertor designs of the International Thermonuclear Experimental Reactors (ITER) employ 
tungsten-copper alloy FG components to face high heat flux and efficiently transfer heat to a 
cooling base. The gradation alleviates high thermal stresses arising due to material property 
mismatch, and reduces temperature of the cooling base to prevent thermal softening. 
Metal matrix composites (MMC) have been considered to fabricate pressure vessels and 
propellant tanks, providing strength against tensile loading at high pressures, and compressive 
loading without buckling. These multifunctional vessels can potentially reduce the overall weight, 
and improve efficiencies for propulsions technologies in aerospace, military, and commercial 
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systems. Tungsten matrix composite (TMC) pressure vessels are expected to reduce weight, and 
improve storage quantity by operating at higher pressures, enhance creep resistance, and improve 
cost savings and revenue as a result of greater operating life. These benefits can also be utilized in 
sub-sea and chemical operations, where system weight and corrosion are of important concerns. 
TISICS Ltd. designed titanium-silicon carbide composite pressure vessels and propellant tanks for 
spacecraft and satellite applications. Burst pressures of more than four times the expected 
operating pressure were tested. FMW Composite Systems proposed TMC pressure vessels for 
space-landing missions to Venus. It is important to model and compare the performance, 
manufacturability, cost, safety regulations of composite vessels to the current state-of-art of 
pressure vessels. Although initially developed as heat resistant materials for high temperature 
applications such as spacecraft, nuclear plants, FGMs also have potential usage in orthopedic and 
dental implants, fuel cells, blast protection systems, electromagnetic and piezoelectric 
sensors/actuators etc. 
1.3 Research topics of FGMs 
Several critical areas need to be addressed before FGMs can be extensively used. These 
are: i) fabrication and processing, ii) translation of local microstructure into macroscopic 
properties, iii) mathematical modeling to investigate structural responses under various conditions, 
and iv) optimization of material properties. 
Most commonly considered FGM structures are plates, disks, beams, hollow cylinders, 
spheres, and films on metal surfaces. Due to differences in thermal expansivities, cooling from 
high temperatures (1100-1700 K) to room temperature will cause different regions to shrink to 
different extents, giving rise to residual stresses during fabrication processes. Typically, structures 
are solved for steady state or transient temperatures and residual stress profiles from temperature 
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loadings, thermal shock, and thermal cycling etc. In many cases, the critical bucking temperatures 
(temperature difference between the maximum heated temperature and initial temperature at which 
bucking starts) are investigated [6]. Commonly used mathematical procedures in analyzing 
behavior of FGMs are: 
1. Analytical/semi-analytical methods restricting boundary conditions and gradation to 
special cases 
2. Perturbation method  
3. Finite Element Method (FEM) 
4. Boundary Element Method (BEM) 
5. Meshless methods 
6. Higher-order discretization methods. 
Sometimes the nature of function describing the inhomogeneity makes the governing 
equations very long and tedious. The difficulty is avoided by using a multi-layered method i.e. 
assuming the structure to be made of numerous homogenous sub-layers with continuity relations. 
When the number of layers is very large, the solutions will approach that of a continuously graded 
one. The finite element method (FEM) is extremely useful in analyzing complex material 
gradation, boundary conditions and non-linear material behavior (elastoplastic, creep etc.). 
However, this may come with significant computational cost due to discretization of the domain. 
1.3.1 Functionally graded pressure vessels 
Hollow cylinders are one the major structural components in many engineering 
applications. Examples are pressure vessels for aerospace vehicles or shuttles used in reentry to 
earth’s atmosphere, nuclear reactors, military applications, and storage and transmission of 
pressurized chemical and fluids, boilers etc. In many cases, they are required to withstand high 
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temperature environments for sustained period of thermal loads causing significant creep damage 
which may trigger catastrophic failures. For extreme conditions, structures could be designed 
FGMs to alleviate damaging effects. A gradual property variation is usually formed by varying 
chemical compositions, mechanical properties, and microstructures, etc. with location. FGMs can 
effectively reduce thermal mismatch between neighboring materials, and can be used to 
manufacture components for applications where specific properties are favored at different 
surfaces to mitigate detrimental effects of severe environments.  Temperature and stress solutions 
of engineering structures are of fundamental importance from a design point of view, as well as, 
in-service fitness assessment. Creep accumulation is a leading cause of crack initiation in 
components working at high temperatures. Evaluation of creep stresses and strains is essential in 
design, and as well as fitness analysis of aging structures. Successful implementation of the FGM 
technology into pressure vessel components necessitates the need for a comprehensive study for 
structural response. This is relatively new area of research and so far, experimental efforts have 
been quite limited, and needs innovative thinking and critical analysis and assessment of the 
materials properties and design loads understanding.  
1.3.2 Creep damage in materials 
Creep is an important material behavior occurring at elevated temperatures, especially at 
that higher than 50% of the melting temperature of the material. It is the time-dependent, inelastic 
deformation taking place when the material is subjected to a load over time. A structure undergoes 
changes in state of stress and strains, reduction in material strength etc. The deformation is 
commonly characterized in the form of strain versus time data, known as the creep curve. There 
are three regions in the creep curve: i) primary, ii) secondary), and iii) tertiary regions, as shown 




Figure 1.3: A typical creep curve showing variation of strain with time 
The primary creep stage is characterized by an initial high creep rate which decreases with time. 
Eventually a secondary stage is attained at which significant deformation takes place at a constant 
rate. At the tertiary stage, the creep rate begins to increase leading to rupture due to necking and 
formation of cavities. Figure 1.3 highlights the three regions in a typical creep curve. Primary creep 
occurs in a short interval of time, and cylinders are mostly subject to secondary creep effects during 
their useful lifetime. Tertiary creep is usually not considered because it indicates imminent failure. 
1.3.3 Multiscale analysis of functionally graded structures 
FGMs allow spatial customization of material properties in order to derive maximum 
benefits from constituents with wide variation in properties. Several analytical and semi-analytical 
solutions FG cylinders have been developed based on restrictive assumptions. A widely-used 
assumption is the usage of separate power-law formulae for thermal, elastic and creep properties. 
In reality, correlation between the properties exist, and it becomes impractical to restrict these 
using such profiles. Detailed finite element models generated with microstructural inhomogeneity 
inside the macroscopic structure are limited by computing capacities. Multiscale numerical 
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techniques become extremely useful to predict the macroscopic behavior of FG structures, as these 
can be used to first evaluate location-dependent properties based on compositions. With limited 
FGM experimental progress, numerical models provide a driving force in comprehension the 
fundamentals in the field. To date, multiscale creep analysis of FGMs have not been investigated. 
A method is proposed in this dissertation is well suited for analyzing creep behavior of FG 
cylinders. An objective of this research is to develop a framework for generating two phase unit-
cells to estimate creep properties over a range of volume fractions, and thereby using the 
information to predict the macroscopic time-dependent behavior of FG thick-walled cylinders. 
Optimization schemes could be later employed to determine the best spatial variation of material 
properties that would minimize creep deformation while taking stress constraints into 
considerations.  
1.3.4 Estimation of FGM properties 
Over the last two decades, significant amount of work is being done concerning the 
thermoelastic analysis of FGMs. Many times, the material properties of FGMs are assumed using 
simplified mathematical expressions e.g. power-law, exponential, piecewise linear, sigmoidal 
functions etc., facilitating closed form analytical, or numerical solutions to be derived. There are 
also several techniques to establish relationship between microscopic and macroscopic properties. 
Effective properties of FGMs are usually estimated from volume fraction and shape of dispersed 
phase. It is not always possible to obtain complete size, shape and particle distribution of the whole 
structure. Microstructure morphology would also depend on the volume fraction of constituents, 
as the matrix and particulate phases may be clearly defined only for low and high particulate 
volume fractions, while forming interconnecting networks for intermediate values [7]. The 
possibility of investigating material properties at smaller scales to establish a connection with the 
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microscopic structure has made multiscale modeling appealing. This idea has been implemented 
using homogenization schemes in the case of elastic, thermal properties etc. Creep data of metal-
matrix composites are limited in the literature, and the experimental determination of creep 
parameters for a range of volume fractions, and stress levels and temperatures would be extremely 
labor and time intensive. Few numerical works focus their attention in understanding the creep 
properties of heterogeneous materials. Evaluation of effective material properties are further 
elaborated in the upcoming Section 2.2.1. 
1.3.5 Optimization of FGMs 
As thermally-induced stresses during fabrication and in-service are greatly influenced by 
the gradation shape, it is important to optimize the composition profile. Usually, an initial 
composition profile is selected as basis of optimization, and the stress, strain and temperature 
profiles are evaluated and assessed according to a design criterion e.g. based on critical 
temperature, magnitude of stresses, fracture toughness etc. The composition profile is varied using 
iterative procedures until an optimal objective function value is obtained. Metaheuristics such as 
genetic algorithm, particle swarm optimization, differential evolution etc. are generally used to 
facilitate the optimization process. 
1.4 Overview of dissertation 




1.4.1 Problem description 
Functionally graded thick-walled cylinders are considered in this study. Cylinders with 
different material gradation profiles are exposed to mechanical loadings such as internal/external 
pressures, and rotation, and thermal loadings due to internal heat generation, and temperature 
differences in convective environments. Other assumptions include: i) infinitely long cylinders, ii) 
temperature-independent material properties, and ii) incompressibility in the creep regime. The 
first portion develops of a semi-analytical formulation assuming individual material distributions 
varying according to a power-law profile. Next, a multiscale finite element framework is 
developed, incorporating primary and secondary creep characteristics of the material matrix using 
a combined time-hardening law.  
1.4.2 Research contributions 
Firstly, closed-form solutions for the thermoelastic response of a FG thick-walled cylinder 
are developed. The proposed solution pertains to different mechanical and thermal boundary 
conditions: internal and external pressures, rotation, heat transfer under convective environments, 
and internal heat generation. Non-steady creep solutions for the above problem is introduced. A 
finite element model is verified with the analytical solutions. A multiscale method is then 
employed to link local creep properties predicted from micromechanical models to the finite 
element macromodel to investigate the time-dependent behavior of a FG hollow cylinder. 
1.4.3 Dissertation outline 
The dissertation is organized in the following order. Chapter 2 details existing literature 
relevant to creep studies of FG thick-walled cylinders. Chapter 3 presents the research problem, 
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formulation of governing equations, and derivation of closed form analytic solutions for 
thermoelastic stress-strains, and iterative creep solutions. A finite element model built using 
ANSYS [8] is validated with the creep solutions. Chapter 4 employs a multiscale framework for 
creep analysis at the micro and macro scales. Chapter 5 presents parametric studies and results 
obtained from the: i) analytical solutions, and ii) multiscale method. Finally, concluding remarks, 
on-going work, and possible future research are discussed in Chapter 6, followed by references at 




CHAPTER 2:  LITERATURE REVIEW 
In the last decades, research has been going on in order to better understand responses of 
functionally graded (FG) cylindrical vessels. Functionally graded materials (FGM) have 
tremendous potential to work in extreme thermal and high-pressure applications. An overview of 
the state of art knowledge relevant to the proposed creep analyses of FG thick-cylinders is 
presented in this chapter. The review is divided into two major categories, one of which deals with 
the derivation of semi-analytical solutions, while the other highlights the development of 
multiscale methods. 
2.1 Analytical and semi-analytical solutions for functionally graded (FG) cylinders 
Most work found in the literature are dedicated to the derivation of analytic and semi-
analytic solutions for stresses and strains. Three different gradation profiles have been widely 
adopted in the literature: i) exponential-law, ii) power-law, and iii) sigmoid-law. Numerical 
methods are also used due to complexity involved in analytical solutions. In an extensive review 
paper, Dai, et al. [9] gathered together research articles published on the coupled mechanics of FG 
cylindrical structures from 2005 to 2015. 
2.1.1 Elastic behavior of functionally graded cylinders 
A number of researchers have investigated functionally graded hollow-cylinders exposed 
to pressure loading only. Tutuncu and Ozturk [10] obtained closed-form stress and displacement 
solution for FG cylindrical and spherical vessels subjected to internal pressure. Xiang, et al. [11] 
studied the elastic behaviors of multi-layered, and continuously graded hollow cylinders applying 
Whitaker, and hypergeometric equations. Tutuncu [12] obtained power series stress and 
displacement solutions for FG cylindrical vessels subjected to internal pressure. Chen and Lin [13] 
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performed elastic analysis of a FG thick-cylinder with exponential Young’s modulus profile. 
Tutuncu and Temel [14] determined axisymmetric displacement and stresses in FG hollow 
cylinder, disks, and spheres subjected to internal pressure using plane elasticity theory and 
complimentary functions method. A boundary value problem was transformed into an initial value 
problem and solved using the Runga-Kutta method. Li and Peng [15] studied the elastic analysis 
of a pressurized FG tube considering arbitrary material properties by forming a Fredholm integral 
equation and solving as a series of Legendre polynomials. Afshar, et al. [16] studied the 
viscoelastic behavior of FG cylinders using ANSYS. Sburlati [17] obtained analytical solutions 
for thick-walled cylinders with internally FG coatings subjected to pressures. Nejad, et al. [18] 
studied a semi-analytical solution of non-uniform pressure loading of a FG rotating thick-cylinder 
with variable thickness and clamped ends using a multi-layers method based on first order shear 
deformation theory. These articles have only investigated elastic behaviors of FG cylinders. 
2.1.2 Thermoelastic behavior of functionally graded cylinders, spheres 
Considerable amount of studies has been performed to obtain the response of FGM 
cylinders under temperature and pressure loadings. Tarn [19] determined temperature and 
thermoelastic deformations and stress fields for FG cylinders subjected to axial force, torque at 
ends, circumferentially varying surface loads, rotation etc. Jabbari, et al. [20] formulated analytical 
solutions for one-dimensional steady state thermal stress distributions considering power law 
gradation of elastic and thermal material properties. The boundary conditions acting on the thick-
cylinder were internal and external pressures, with different ambient temperatures with convective 
heat transfer. No internal heat generation was considered, which would otherwise have a direct 
effect on the temperature and stress distributions of the cylinder. Liew, et al. [21] developed 
thermoelastic solutions for FG cylinders subjected to arbitrary steady or transient temperature 
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distributions considering large number of homogeneous layers. Ruhi, et al. [22] presented a semi-
analytical thermoelasticity solution for FG thick-walled finite-length cylinders. Two-dimensional 
axisymmetric thermal and mechanical loads in short FG radially graded cylinder were investigated 
by Shao [23], and Jabbari, et al. [24], and long FG cylinder by Jabbari, et al. [25]. Pelletier and 
Vel [26] analyzed the steady-state response of FG thick cylindrical shell with orthotropic material 
properties  varying arbitrarily in the radial direction subject to thermal and mechanical loads using 
a multi-layer technique. Kordkheili and Naghdabadi [27] studied thermoelastic response due to 
pressure, thermal, and axial loadings. Shao, et al. [28] obtained analytical time-dependent 
temperature and thermomechanical stress solutions for FG hollow cylinders subjected to non-
axisymmetric mechanical and transient thermal loads using complex Fourier series and Laplace 
transform techniques. Peng and Li [29] proposed a numerical method for the thermoelastic 
solutions for arbitrarily varying properties (without specified gradient form). Zhang, et al. [30] 
derived an analytical solution to determine the thermo-mechanical stresses in multi-layered FG 
cylinder considering the influence of closed-ends. Mehrabadi and Aragh [31] investigated FG 
cylindrical shell with 2-D power law property distribution with temperature dependency. Xin, et 
al. [3] solved a similar problem, assuming the FGM as a combination of two constituents, and 
using a power-law assumption for the relative volume fraction. All studies dealt with thermoelastic 
stress analysis without considering internal heat generation. Leu and Chien [32] studied 
thermoelastic behavior of graded disks with variable thickness and non-linear heat generation 
using finite element and symbolic computations software. However, the solutions do not hold 
when the temperature profile is altered by internal heat generation within the structure. 
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2.1.3 Elastoplastic behavior of functionally graded cylinders 
There are a few studies pertaining to elastoplastic behavior of FG cylinders and spheres. 
Eraslan [33] presented analytical solutions for thermally induced axisymmetric elastic and elastic-
plastic deformations in non-uniform heat generating FG tubes with fixed ends, and different inner 
and outer boundary conditions. Eraslan and Akis [34] obtained elastic-plastic solutions for 
pressurized FG tubes. Heat generating FG solid cylinder was considered by Ozturk and Gulgec 
[35] in an elastic-plastic deformation study assuming parabolic material profile. Parvizi, et al. [36] 
presented analytical elastic-plastic solution for FGM cylinders subjected to internal pressure and 
thermal gradient. Nejad and Fatehi [37] obtained exact elastoplastic deformations and stresses of 
rotating thick-walled cylindrical pressure vessels made of FGMs assuming perfectly plastic 
behavior based on Tresca’s yield criteria.  
2.1.4 Piezo-electric, and magneto behaviors of functionally graded cylinders, discs 
A few articles could be found in which piezo-electric and magnetic properties were taken 
into account in FG cylinders. Khoshgoftar, et al. [38] studied the thermos-piezoelectric behavior 
of thick-walled FG cylinders subjected to temperature gradient and uniform pressures. Dai, et al. 
[39] performed an analytical study on the electro-magneto-thermoelastic behaviors of a FG 
piezoelectric hollow cylinder, subject to uniform magnetic field, electric, thermal and mechanical 
loads. Dai, et al. [40] determined an exact solution for stresses and magnetic field vector 
perturbations for a FG hollow cylinder subjected to uniform magnetic field, thermal, and 
mechanical loads. Arani, et al. [41] investigated the thermo-piezo-magnetic behavior of a FG 
cylinder under mechanical and thermal loads. Bayat, et al. [42] studied the magneto-thermo-
mechanical response of FG disc with variable thickness, subjected to uniform magnetic field and 
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thermal load. Zenkour [43] obtained an analytical solution for the hygrothermal response of a FG 
piezoelectric hollow cylinder subjected to a mechanical load and an electric potential. Atrian, et 
al. [44] presented an analytical thermo-electromechanical solution for thick-walled FG 
piezoelectric cylinders subjected to uniform electric field and non-axisymmetric thermo-
mechanical loads. 
2.1.5 Creep behavior of functionally graded vessels 
At elevated temperatures creep responses are usually dominant and determine the failure 
of structures. Creep analysis of FG pressure vessels is complex, and there are some publications 
dealing with the subject. You, et al. [45] calculated stresses and creep strain rates in a thick-walled 
cylindrical FG vessel subjected to internal pressure by considering Norton’s creep law parameters 
as functions of radial coordinate. You and Ou [46] proposed an iterative method to evaluate creep 
strain rates and stresses for a pressurized FG thick-sphere. Steady state creep behavior under 
internal pressure was investigated by Singh and Gupta [47], [48]. Chen, et al. [49] investigated 
creep effects of a spherical FG tank subjected to internal/external pressure only. Young’s modulus 
and creep parameters were expressed using power functions but thermal effects were not included 
in that studies. Nejad, et al. [50] developed a closed-form analytical solution for steady-state creep 
stresses of rotating thick cylindrical pressure vessel made of FGM. The effect of different 
parameters in the Norton’s creep law on the radial and circumferential stresses, and equivalent 
strain-rate were investigated. A limitation of these published articles is that they deal with a 
situation after a steady-state has been attained, and do not reveal the time-dependent responses. A 
difficulty associated with this is that the stresses, and rate of creep damage varies with time. For 
comprehensive analysis, the determination of stress history is inevitable. 
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A few articles are dedicated to the time-dependent creep deformation in FGM cylinders 
and spheres. Yang, et al. [51] presented elastic and asymptotic creep solutions for a FG cylinder 
under various axial constraints. The coefficient of thermal expansion (CTE) and temperature 
distribution were combined together to restrict the thermal dilation to special power-law case. 
Time-dependent creep behavior of a FG cylinder under internal and external pressures was studied 
by Chen, et al. [52]. Time-dependent creep redistributions of FG cylinders due to internal pressure 
under uniform magnetic and thermal fields was studied by Loghman, et al. [53]. Singh and Gupta 
[54] investigated the steady state creep of transversely isotropic SiCw-Al6061 FG cylinder under 
internal and external pressures. A threshold based creep law was used in which the creep 
parameters were estimated by linear extrapolation of experimental uniaxial creep results. 
Loghman, et al. [55] studied time-dependent creep stress redistribution of a FG thick-walled sphere 
subjected to internal pressure and constant temperature field. An iterative procedure based on the 
recalculating stresses and creep strain increments after short time intervals was used. Loghman 
and Moradi [56] studied time-dependent creep response of a FG piezoelectric sphere subjected to 
internal pressure, uniform temperature, electric potential and magnetic field. Fesharaki, et al. [57] 
considered a similar problem with internal/external pressures and temperature gradient with graded 
material properties based on volume percentage.  
Nejad and Kashkoli [58] investigated time-dependent thermoelastic creep response for a 
rotating thick-walled FG cylindrical pressure vessel under plane stress and plane strain conditions. 
However, the study’s illustrative example indicates violation of necessary boundary conditions. 
Figure 2.1 illustrates radial stress distributions along the cylinder thickness published in the 
article’s Figures 2a, 6a, 8a and 12a. To counterbalance constant applied pressures at all times, 
radial stresses at inner and outer surfaces must remain constant corresponding to the applied values 
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regardless of creep or material exponents. However, unusually high stress values are noticed in the 
results, and radial stress distributions appear to violate imposed mechanical boundary conditions, 
suggesting impractical solutions. It is to be noted that the values were normalized by the internal 
pressure applied. An objective of this project is to correct, and improve the analytical model for 
time-dependent creep deformations of FG hollow-cylinders under various thermal and mechanical 
boundary conditions. 
 
 a)  b) 
 
 c)  d) 
Figure 2.1: Radial stress distribution after 10 h of creep for a) different material exponents under 
plane strain, b) added external pressure under plane strain, c) different material exponents under 
plane stress, and d) added external pressure under plane stress 
2.1.6 Miscellaneous topics 
Some researchers have concentrated on creep of studies of non-cylindrical structures. Qu, 
et al. [59] simulated the fabrication and operation phases of Tungsten-EUROFER FG systems 
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using finite element analysis. Creep assessment was performed to investigate the influence of the 
FG layer on residual stresses and creep accumulation. Tungsten coated EUROFER have been 
widely considered to be used a structural material for first wall of future power plants. 
Golmakaniyoon and Akhlaghi [60] investigated the time-dependent steady-state creep of FG 
beams subjected to thermal loading using a successive elastic solution method. Thermal stress and 
curvature of the beams were predicted to decrease with time. 
Heat generation within hollow cylinders are common in many engineering applications. In 
nuclear plants, γ-rays emitted from the reactor cores are absorbed by pressure vessels, resulting in 
volumetric heat generation of the vessel. The vessels are cooled by fluids at their inner and outer 
surfaces. Limited studies have been conducted, for example, on the temperature and stress/strain 
responses for homogenous cases. Goshima and Miyao [61] studied transient thermal stresses 
resulting from internal heat generation due to γ-rays, and convective cooling at inner and outer 
surfaces. Heat generation was assumed to decay exponentially along the radius. Aziz and Torabi 
[62] considered a hollow cylinder with convective surfaces and uniform heat generation. 
Analytical solutions derived in the study serve as references to validate further complicated cases, 
and illustrates the effects of boundary condition parameters on stress distributions. 
Although these recently published studies have widened the understanding of behavior of 
cylinders, but restricting temperature field to uniform profiles may have limited applicability to 
structures where internal heat generation is of primary concern. Thus, in this research we attempt 
to expand the studies about thermo-elastic, and time dependent response of hollow cylinders by 
the including internal heat generation in convective heat-transfer environments. The research also 
corrects existing solutions found in recent literature as mentioned in Section 2.1.5.  
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Current studies are only able to calculate the secondary creep characteristics of FG 
cylinders by assuming power-law profile for the creep coefficient. In reality, the creep parameters 
do not limit themselves to such profiles, and often vary by orders of magnitudes within the graded 
structure. To expand the research area by eliminating limitation of assuming specific creep models 
and parameter variation, a microscopic finite element (FE) based creep evaluation technique is 
used in conjunction to a macroscopic FE model of the FG cylinder. Although creep models of 
metal matrix composites have been previously investigated, they are yet to be addressed in 
multiscale creep models of FGMs. 
2.2 Multiscale modeling of functionally graded materials 
FGMs are considered as a special class of metal matrix composites (MMC). Particle 
reinforced MMCs are preferred due to their low costs, fabrication ease, and high isotropic nature. 
They demonstrate higher elastic modulus, tensile strength, and temperature stability, but lower 
ductility, fatigue and fracture properties than their monolithic alloy counterparts. The overall 
properties depend upon several factors such as volume fraction, interfacial behavior, size, 
orientation, and aspect ratio of particles. Large difference in length scales between micro and 
macrostructures, and the problem of spatial variation makes FGM modeling difficult. Multiscale 
methods are capable of addressing the issues by employing effective property models, or combined 
macroscopic-microscopic models such as asymptotic methods, or nested boundary value 
homogenization problems [63]. The effective property models use homogenization techniques of 
particle-reinforced composites for the determination of elastic and thermal properties for a range 
of composition. Effective properties are assigned to regions inside FGMs whose composition vary 
noticeably. Homogenization techniques of creep are only focused only at the micro-level by 
modeling particle-reinforced MMCs. Such techniques have not been considered in creep studies 
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of FGMs, and there is a significant scope to improve FGM creep studies by the integration of 
micromechanical models. Multiscale methods have been widely used in engineering applications. 
FE based multiscale modeling was used by Li, et al. [64] to represent sub-micron precipitate 
structure on tempered martensitic steel. Ubachs, et al. [65] developed a global-local multiscale 
technique to assess multilayer substrates in microelectronic packages. 
2.2.1 Evaluation of effective material properties of two-phase composites 
Behavior of composites have been primarily estimated using rules of mixture (Voigt and 
Reuss estimates), modified rules of mixture (TTO scheme), mean field mechanics (Eshelby, Mori-
Tanaka [66], self-consistent scheme [67] etc.), theoretical bounding methods (Hashin-Shtrikman 
lower and upper bounds [68]), and computational simulations (finite or boundary element 
methods). Rules of mixture are mathematically simple, and are widely used to determine physical 
properties such as Young’s modulus, Poisson’s ratio, thermal conductivity, coefficient of thermal 
expansion, density, specific heat etc. As inclusion percentage increases, interaction between 
neighboring particles become significant, and influence the effective properties of the composite. 
ROM fails to incorporate particle interaction into calculations. There are also differences between 
the Voigt and Reuss estimates for volume fractions not close to 0 or 1, thus constituting upper and 
lower bounds of the material behavior. The Mori-Tanaka scheme considers spherical 
reinforcements within a matrix, and accounts for interaction of fields between neighboring 
particles. The Hashin-Shtrikman model uses variational principles to establish bounds by 
incorporating phase arrangements. The self-consistent method assumes ellipsoidal particle 
embedded in a matrix. Large disparity exists between the upper and lower bounds when the 
material properties are significantly different, and self-consistent methods may not be reliable for 
such cases. Thus, it is important to model the microstructure more realistically rather than 
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assuming that the homogenization techniques will yield accurate estimations. However, it is to be 
noted that the schemes are easier to implement, and lead to reduction of computational time and 
effort. Commonly used homogenization techniques using for FGMs are tabulated in Table 2.1. 
Table 2.1: Commonly used homogenization techniques 
Scheme Material Property Related Equations 














Coefficient of thermal 
expansion 
1 1
1 1  



























Depending on the fundamental assumptions incorporated in a homogenization technique, 
determination of closed-from solutions can become too complex, especially when non-linearity is 
considered. For such cases, computational analyses can be performed by either simulating RVEs 
of heterogeneous materials into ideal microstructures using regular shapes (spheres, ellipses, 
cylinder etc.) or using real digital images. Common microstructures used are ensembles of 
impenetrable and penetrable spheres, randomly sized and oriented elliptical reinforcements, 2D or 
3D grids of finite elements, grids of rectangular or voxel shaped finite elements.  
2.2.2 Homogenization of representative volume elements (RVE) 
Evaluation of microstructural materials properties is of significant interest for the 
development of MMCs. Such composites may fail through fiber or particle cracking, inclusion-
matrix debonding, and brittle and ductile fracture in the matrix. Morphological features such an 
inclusion size, spacing, directionality, clustering etc. affect the initiation and propagation of 
damage. With the development of FG MMCs, it is important to analyze the material properties of 
various compositions. As the material is especially considered for high temperature applications, 
determination of steady state creep rate is of tremendous importance for the evaluation of reliability 
of the structure to be designed. Experimental methods to predict material behavior are labor and 
time intensive, and so numerical techniques are developed to model the structure. Solving a 
problem at the characteristic length of inhomogeneity (e.g. 50	μm 	requires very high computing 
power. So, material properties are usually homogenized over domains  much larger than the 
microscopic resolution , but considerably smaller than the overall loaded structure . The region 
over which the macroscopic properties are evaluated is known as a representative volume element 
(RVE). If the length scale requirement ≪ ≪  is satisfied, the estimates would be applicable 
for both homogenous, and heterogeneous microstructures. Small unit-cells can accommodate 
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single particles, or multi-particles to include interactions between particles. Different types of 
single inclusion RVEs found in the literature are: i) cylindrical, ii) square, and iii) hexagonal. 
Square and hexagonal RVEs are thought to give best estimations due to their ability to fill up space 
compared to the cylindrical RVE. Cylindrical RVEs tend to overestimate elastic modulus 
compared to the square RVE. However, cylinder RVEs are widely used because these can be 
modeled using 2D axisymmetric finite element model to minimize computational expenses. 
Analytical/semi-analytical solutions are also available in simple cases. In multi-particle RVEs, the 
particles can be uniformly distributed or randomly dispersed. 
A lot of work has been dedicated in predicting the material properties of regular and 
random microstructures. Regular microstructures simplified into single particle unit cells do not 
include the statistical nature of phase distribution. For random morphologies, studies assume 
regular particles randomly dispersed in a homogeneous matrix. In reality, microstructures may 
contain of irregular inclusions when particle volume fraction is low, and interconnected skeletal 
microstructures (matrix or inclusion phases are not clearly defined) for similar particle and matrix 
percentages. Numerical techniques such as the finite difference method, finite element method, 
meshless method etc. are required when analytical solutions for governing equations become 
tedious. Single unit cell models with periodicity may lead to analytical solutions, but are not 
realistic as they do not represent the random distribution of inclusions, and are limited to very 
specific microstructure. Therefore, a statistical representative volume element (SRVE) is needed 
to reproduce the microstructural behavior of real materials. As SRVE is a volume that is large 
enough to be statistically representative of all microstructural heterogeneities in a composite 
material. Homogenized properties fluctuate with varying RVE sizes, but in order for an RVE to 
exist, the properties should converge with increasing size. A critical length above which the 
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macroscopic properties are accepted to remain steady is referred to as the minimum RVE length. 
A numerical model smaller than the critical size leads to incorrect estimations. The macroscopic 
properties should also be independent of the applied boundary conditions. RVEs have been 
extensively combined with finite element analysis (FEA) to correlate effective properties of 
composites with the properties of constituents and microstructures of the materials. A larger size 
of RVE allows more microstructural randomness to be contained within identical microstructures, 
and gives a more accurate estimation. The technique becomes computationally expensive, and so 
it is crucial to determine the minimum size of RVE to reduce computation time. 
Generation of an RVE requires prior determination of spatial arrangement of particles. 
Regularly arranged particles are easy to generate, but leads to incorrect predictions e.g. 
underestimation of damage initiation and matrix cracking. The random sequential adsorption 
(RSA) algorithm is commonly used to generate random, non-overlapping particles, and are able to 
include the effect of non-uniform spatial distribution of inclusions. Llorca and Segurado [72] 
predicted the elastoplastic behavior of elastic particle reinforced metal matrix composites, taking 
into account damage induced by void nucleation and growth. However, the hard-ball model is 
constrained by a jamming limit, and microstructure with high inclusion volume fractions cannot 
be generated. Kari, et al. [73] were able to evaluate overall elastic properties of spherical particle 
reinforced composites for volume fractions up to 60% using numerical homogenization based on 
finite element method. 3D RVE models were generated using the modified RSA algorithm. 
Spherical particles with different sizes were used to achieve high volume fractions, which are not 
possible with monodisperse particles. RVE geometry and meshes used in their study are shown in 




 a)  b) c) 
Figure 2.2: High-volume fraction (60%) RVE [73]: a) geometry, b) particle mesh, and c) 
composite mesh 
Effective elastic properties were calculated as ratios of average stresses and strains under 
periodic boundary conditions. The influences of particle size and RVE length on the effective 
composite properties were investigated. Error values in effective elastic properties were less than 
1% for RVE sizes greater than 10/3 times of particle diameter (monodisperse). With sufficiently 
large RVEs, there were no significant fluctuations in elastic properties with different particle 
diameters. Values were also identical for models with monodisperse and polydisperse (random 
size) particles. Figure 2.3 shows the variation of Young’s modulus with RVE size, and comparison 
with monodisperse and polydisperse particles. The technique has been used to generate high 
volume fraction RVEs in the present study. Yang et al. [74] presented a random sequential 
expansion (RSE) method to overcome the hard-ball model jamming limit, and generated RVEs 
with high fiber volume fractions. Fiber generation started from the center of the RVE and the 
microstructure expanded radially based on two parameters: a random orientation direction between 
0 and 360°, and a randomly chosen inter-fiber distance depending upon the required volume 
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fraction. Statistical analyses demonstrated spatial randomness and isotropy, and elastic properties 
predicted using FEA of the microstructure were verified with experimental results. 
 
 a)  b) 
Figure 2.3: a) Variation of Young’s modulus with RVE size, b) Comparison of Young’s modulus 
for monodisperse and polydisperse particles 
Casting and powder metallurgy have been widely used in manufacturing MMCs. After 
thermomechanical processing, micro-stresses arise at the grain-size scale due to mismatch in 
coefficient of thermal expansion (CTE) of matrix and reinforcements. Presence of internal residual 
stresses degrades mechanical properties of the composite via crack initiation and propagation at 
the interfaces. Bouafia, et al. [75] used finite element analysis to study the effects of particle 
spacing, volume fraction, particle interaction and particle shape thermal residual stress 
distributions in SiC particle reinforced aluminum composites. A 3D unit cell model was cooled 
down at a constant rate from the processing to room temperatures to simulate manufacturing, and 
then reheated to a high temperature to model in-service environments. Alfonso, et al. [76] 
calculated the Young’s modulus of Al356-SiC MMCs from 3D and 2D axisymmetric single-
particle FEA models with different particle aspect ratios to draw comparison with experimental, 
and two numerical estimations: the rules of mixture and Haplin-Tsai model. When compared with 
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experimental results, discrepancies were noticed for high aspect ratios, with the 3D models being 
more accurate than the 2D axisymmetric ones. Barbera, et al. [77] studied the relationships 
between thermal and mechanical loading history, and creep dwell period on the creep-fatigue 
interaction of SiC fiber reinforced 2024T3 aluminum matrix composites. Sharma, et al. [78] 
proposed the use of Gurson-Tvergaard-Needleman (GTN) model to study the influence of void on 
residual stresses generated during sintering of Al-Al2O3 particulate composites. 
Thermomechanical properties in presence of the residual stresses were studied. Kwok, et al. [79] 
studied the effective steady-state creep response of porous metals by numerical homogenization 
based on 3D finite element models of reconstructed from tomographic images, and analytical 
methods.  
Conventional homogenization models have been primarily developed for uniform 
composites, and are unable to capture the effects of material gradient. Yin, et al. [80] proposed a 
multiscale modeling technique using graded volume element to derive the thermal conductivity in 
two -phase graded composites. Muliana [81] showed the dependence of material properties on 
whether constituent 1 or constituent 2 is modeled the inclusion. Figure 2.4 illustrates a graph 
obtained in their study, highlighting differences in elastic moduli as a result of interchanging the 
inclusion and matrix materials. The discrepancies were attributed to a large mismatch between the 
constituent material properties. Thus, it is important to model the microstructural features more 
realistically. The differences arising due to whether a material is attributed to inclusions or the 
matrix were consolidated by dividing the FGM into 3 regions: one containing spherical SiC in C 
matrix, the transition zone, and the third containing C inclusions in SiC matrix. While the effective 
properties of regions 1 and 3 were determined directly from the micromechanical models, the 
properties at the transition zone were assumed to vary linearly between the two bounds. Elastic 
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moduli, coefficient of thermal expansion and thermal conductivity for volume fractions for 0 to 1 
were obtained, showing good comparison experimental data and analytical solutions available in 
the literature. Relaxation moduli of a polymer-composite were also determined. A 
micromechanical framework was proposed to analyze time-dependent thermo-mechanical 
response of an FGM. 
 
 a)  b) 
Figure 2.4: Effective elastic moduli for a range of volume fraction [81] 
An important aspect in perspective of applications is the choice of the micromodel. 
Numerous studies in the literature attempt to predict the behavior of MMCs. In particular, single 
inclusions assumptions have been widely implemented due to its simplicity. On the other hand, 
large multiparticle models have been developed to include interaction between inclusions. This 
study uses three different micromechanical models: i) 2D axisymmetric single-particle, ii) 3D 
single-particle, and iii) 3D multi-particle RVE to predict local creep properties of an FGM. 
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2.2.3 Boundary conditions used in representative volume elements 
Apparent properties of RVEs are highly influenced by two factors: the RVE size, and the 
choice of boundary conditions. The RVE size handles the number of microstructural factors that 
can be contained within the model. Different kinds of boundary conditions used in the literature 
are: i) static uniform boundary condition (SUBC), ii) kinematic uniform boundary condition 
(KBC), iii) orthogonal mixed boundary condition (OMBC), and iv) periodic boundary condition 
(PBC). As a composite is represented as a repeating array of RVE, the deformed boundaries should 
not allow separation or overlap between adjacent RVEs. OMBC and PBC ensures geometric 
compatibility with surrounding cells. OMBC ensures that the deformed shape remains cylindrical 
(for axisymmetric 2D model) or orthorhombic with planar walls (for 3D model), not allowing gap 
between neighboring cells. The periodic boundary conditions require meshes on the opposite 
boundary surfaces (with normal along  axis) in the model must be identical, and the displacement 
components  are coupled by: 
 ̅ , (2.1) 
where ̅  is the average strain, and  and  represents surfaces on the +ve and –ve  directions 
respectively. Three faces along the coordinate directions are first meshed with planar elements and 
then copied on the opposite surfaces. The entire volume is meshed with 3D elements, resulting in 
identical meshes on opposite boundaries. Constraint equations are used to correlate displacement 
components of nodal pairs having identical in-plane coordinates on opposite surfaces.  
Apparent properties evaluated from the KUBC and SUBC models are considered as the 
upper and lower bounds for the effective properties, with that from the OMBC and PBC lying 
between them. The OMBC has been applied to determine the creep response of the 
micromechanical models in the present work. With increasing RVE size, the two bounds become 
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identical, and the apparent properties are said to converge to the effective value. For practical 
purposes, it is important to determine the minimum RVE size in order to obtain an acceptable 
estimation of effective properties. 
A representative volume element is assumed to be repeatable over the entire domain. Its 
size is chosen to be very small compared to the macroscopic body but much larger compared to 
atomic scales for continuum mechanics to be applicable. Average stress and strains in the RVE are 








Subscript  is the element number and  is the total number of elements in the RVE. 
 and  are the average stress and strain respectively within element . This type of 
averaging allows the heterogeneous composite to be represented by a globally homogeneous one 
with approximately equal strain energy.  
Huet [82] considered the four kinds of BCs and concluded that apparent properties obtained 
from KUBC and SUBC give the upper and lower bounds for effective properties, and OMBC and 
PBC give better overall response than that from imposed force or displacement BCs. Cho, et al. 
[83] compared the application of two different boundary conditions (BC): SUBC and OMBC on 
2D RVEs. Elastic strain fields on the inner portion of the RVE were identical, but differences were 
noticed at boundaries, mainly near the particle-matrix interfaces. Thickness of the BC-affected 
region remained identical for all RVE sizes for a given BC, and the apparent elastic moduli became 
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independent of the applied boundary condition with the increase in RVE size. An RVE may not 
exists if the BC-affected thickness increases with increasing RVE length, and the apparent property 
will diverge away from the effective value. BC-affected thicknesses are generally larger with 
greater heterogeneity (higher particle percentage) or non-linearity (plasticity etc.) within the 
model. Larger RVE sizes should be considered for such cases. 
 
Figure 2.5: Apparent elastic moduli obtained for different boundary conditions [83] 
The study was extended by Cho et al. [84] to incorporate plasticity, and creep into the 
model. Again, BC-affected thicknesses were found to be independent of RVE sizes for the same 
particle content, but larger than that in linear elastic models. The BC-affected thickness gradually 
increased with increasing volume fraction up to a critical value, and became stable for the elastic 
and creep models. However, in the plasticity model, the thickness increased continuously, and the 




2.2.4 Prediction of creep properties of metal matrix composites 
FGMs have great potential in high temperature components used in automotive, aerospace 
applications etc. Advanced classes of composite materials such as metal-matrix and ceramic-
matrix composites demonstrate suitable manufacturability for graded structures. SiC reinforced 
aluminum composites have been widely considered especially in the aerospace industry due to its 
low cost, mass production, formability using conventional processes, superior mechanical 
properties and retention at high temperatures compared to aluminum alloys. Al-SiC composites 
are also frequently considered in the potential high-temperature applications of FG thick-walled 
cylinders, and discs. The composite exhibits creep behavior at elevated temperatures. At elevated 
temperatures, these composites undergo time-dependent deformations through creep mechanism, 
requiring material scientist and engineers to have thorough understanding of creep behaviors at the 
micro and macro levels. As the FGM technology opens the possibility of endless material 
compositions and grading profiles, experimental approaches become quite expensive and time 
consuming. Experimental investigations of creep behavior at high temperatures being time 
consuming and costly, a need for numerical techniques arises in order to efficiently predict creep 
behavior as a function of the constituent properties and features. Thus, computational models 
become useful in predicting time-dependent deformations of FG composites. 
Creep constitutive equations are non-linear, and solutions of arising differential equations 
become extremely complicated. Mondali, et al. [85] developed an analytical model based on shear-
lag theory to predict steady state creep deformation of short fiber composites. Perfect fiber-matrix 
interfaces were assumed. While analytical and FEM results were close, they were significantly 
differently from experimental results. Ghavami, et al. [86] used a finite difference approach to 
predict steady state creep rates of short SiC fiber reinforced Al6016 composite considering 
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interfacial debonding. TEM studies have shown voids and interfacial debonding at fiber-matrix 
interfaces even at low strains. Governing equations were developed for a single fiber using an 
axisymmetric unit cell model, linearized and solved using a finite difference method. Results were 
in good agreement with that using FEM. Monfared, et al. [87] developed three analytical methods 
using approximation of creep constitutive equations (ACCE), difference of the stress exponents 
(DSC) and boundary value approaches (BVA) to present steady-state creep solutions in short-fiber 
reinforced MMCs. Perfect fiber-matrix interface was assumed. 
 FEM becomes very useful because it eliminates restrictions of geometry, material 
properties, number of phases etc. It is capable of evaluating full field solution for time-dependent 
problems. Park and Holmes [88] performed two and three dimensional finite element modeling of 
tensile creep and creep recovery behavior of SiC fiber reinforced Si3N4 ceramic matrix composites 
by considering elastic and creep properties of each constituents, fiber-reinforcement bonding and 
residual stresses resulting from hot-pressing. SiC fibers have a higher coefficient of thermal 
expansion than the Si3N4 matrix. Upon cooling from high processing temperatures, radial tension 
develops normal to the interface due to the CTE mismatch, causing partial or complete debonding 
of the fiber-matrix interface. Two limiting cases: i) perfectly bonded, and ii) completely debonded 
interfaces were considered. It was assumed that the matrix was free from voids or micro-cracking, 
and no sliding occurred between the fiber and matrix. Complete load transfer was assumed and the 
interfacial shear was zero. Both 2D and 3D models predicted similar creep rates, however the 3D 
model revealed that processing related tensile radial stresses near to the fiber-matrix interface 
decreased the during initial creep stage. Although total creep strain was larger for the debonded 
case, steady state creep rates were similar for perfectly bonded and debonded interface due to fast 
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relaxation of matrix stress approaching nearly the same limiting value. Half of the accumulated 
creep strain was recovered on unloading.  
The 2D axisymmetric model imposes infinite number of neighboring whiskers along the 
transverse and circumferential directions, thus over estimating the strengthening effect. The 
distances between surrounding whiskers is also an averaged one, which is different than in the case 
of 3D unit-cells. A single-inclusion unit cell assumes regular, periodic array of embedded particles. 
Such models do not include the influence of local stress concentrations due to spatial distribution 
of inclusions in the microstructure and assume that all reinforcements deform simultaneously. As 
creep deformations are highly sensitive to stress levels, the spatial distributions have a large 
influence on the overall creep response, although the effect of may be small for effective physical 
properties. 3D morphologies with random multi-inclusions are expected to give more accurate 
predictions than the single-inclusion models. 
Most models developed to predict the creep behavior of MMCs used the single inclusion 
unit-cell model, while the RSA algorithm motivated a research group to model multi-particle 
RVEs. Lee, et al. [89] predicted steady-state creep behavior of discontinuous silicon carbide 
whisker reinforced aluminum 6061 composite. Unidirectional and periodic composites were 
generated using a modified RSA algorithm. Localized stress concentrations due to particle 
interactions played an important role in the creep behavior and showed differences with those from 





 a)  b) 
Figure 2.6: a) Creep strain curves predicted using different RVE models, b) Variations of creep 
strain rate with time for 2D axisymmetric model 
It was found that with creep deformations, equivalent stress in the matrix decreased and 
reached a steady-state condition. The creep strain-rate also decreased and became constant with 
time. Creep curves from single-inclusion 2D axisymmetric, single inclusion 3D, 3D staggered, and 
multi-inclusion 3D RVEs demonstrated differences due to inherent assumptions. Overall creep 
strain and strain-rates were found to be considerably higher for multi-inclusion 3D RVEs 
compared to the other models. The aim of the study was to demonstrate a numerical approach to 
predict creep behaviors of MMCs. Some differences between numerical and experimental results 
were acknowledged possibly due to the lack of mesoscale heterogeneities such as clustering of 
inclusions, as arrangement has is seen to influence other material behaviors of MMCs. 
MMCs are found to exhibit ‘anomalously high’ stress exponents (stress dependence of 
steady-state creep rate) compared to the parent matrix. MMCs manufactured using powder 
metallurgy are typically homogeneous, but in cases of ingot metallurgy, clustering occurs due to 
settling and rejection of the reinforcement by the formation of matrix dendrites during 
solidification. Clustered inclusions act as stress concentrators and affect the creep response and 
other material properties. Lee, et al. [90] studied the effect of reinforcement clustering on the 
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steady-state creep response of SiC whisker reinforced Al using FEM. Numerical results from a 
homogenous model (a random and uniform whisker distribution generated using the RSA 
algorithm) was compared with that from a clustered model (a 2D hierarchical multiscale model 
generated using image analysis of micrographs) to indicate clustering as a possible origin of the 
high stress exponent values. The cluster model consisted of a whisker-free area and whisker-rich 
zones with local volume fractions higher than the average. A homogeneous micromechanical FE 
model was first used to determine the elastic and creep properties of the local regions. The 
properties represented the whisker-rich zones and were implemented at the global scale, allowing 
the local heterogeneity to be ignored. The clustered model revealed high local stresses in the 
whisker rich zone which represented areas with closely located whiskers, affecting the overall 
creep response. Figure 2.7 shows that the clustered model compares better with experimental 
results than the homogenous one, indicating clustering as an important factor in the creep behavior 
of MMCs. A limitation of the image based hierarchical technique is that it requires the analysis 
real micrographs, and cannot be implemented for microstructures where experimental images are 
unavailable. Interfacial debonding could be an additional factor for the explanation of high creep 
stress exponent. The effectiveness of using multi-inclusion RVEs in predicating creep behavior of 
MMCs was expanded by Lee, et al. [91]. A modified time-hardening creep model incorporating 
primary and secondary creep is used to analyze the sensitivity of RVE size on creep curves. RVEs 




Figure 2.7: Logarithmic plot of steady-state creep rates vs. stress for homogeneous and clustered 
models of SiCw-Al MMCs compared with experimental creep tests 
Figure 2.8 illustrates that with increasing RVE size, statistical variations of creep curves reduce as 
a result of improved homogeneity and isotropy. An RVE is said to exist as the creep curve 
converges with increasing RVE length or number of realizations. Numerical predictions were 
compared with experimental data for 20% TiC reinforced Al-1.5Mg and 15% TiC reinforced pure 
Al MMCs [92]. Numerical predictions demonstrated reasonable agreement for the first case, and 
overestimated the creep response for the latter. The discrepancy was attributed to larger grain size 
of Al in the pure matrix than that in the composites, altering the major creep mechanism. Overall 
creep rates of non-creeping inclusion reinforced composites are significantly smaller than those of 
unreinforced alloys. The model is applicable to cases where the microstructure and creep 





 a)  b) 
 
 c)  d) 
Figure 2.8: Creep curves predicted using different RVE sizes: a) 5	μm, b) 10	μm, c) 
15	μm, and d) 20	μm 
Yu, et al. [93] incorporated the creep mechanisms (diffusional creep and grain boundary 
sliding) in finite element micromodels to study the creep deformation of zirconium diboride-
silicon carbide composites. 
2.2.5 Matrix Creep models 
Creep deformation in MMCs has been an active research topic because of the composite’s 
potential application in high-temperature environments. It depends mainly of time, stress, and 
temperature. For composites with multiple phases, it is also a function of the material composition. 
Numerical prediction of creep of SiC reinforced aluminum composites have been studied by some 
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authors. An important aspect of creep damage analysis is the constitutive model. Table 2.2 lists 
the creep models used in the studies used in conjunction with the finite element method, where  
and  are creep strain and strain-rates respectively at time , and  denotes the effective stress. 
Table 2.2: Creep models of aluminum found in literature 
Reference Material Creep model Equation 
Mondali et al. 
(2005) 
Al6061 
300  Exponential log 10.7 0.0671 log  
Lee et al. 
(2010) 
Al6010 
300  Exponential 1.87 10 .  






4.2 10 . , 45	MPa
2 10 . , 45	MPa
 





4.6 10 . . 1 10 .  
Lee et al. 
(2014) 
Pure Al Time-hardening 1.5 10 .  
 
Most commercial finite element packages have the capability of modeling creep. The 
Norton’s law (steady state) is commonly used for its simplicity. The combined time-hardening 
model [8] is able to model both primary and secondary creep; the creep strain  at time  and 
uniaxial stress  is given by: 
 , (2.4) 
where   and  are coefficients and ,  and  are creep exponents. The two terms in the equation 
represent the primary and secondary creep stages respectively. A Newton-Raphson iterative 
method is used to compute the creep strain increment at each time step. The equation is 
implemented using an explicit Euler forward algorithm. The modified total strain is calculated as: 
 , (2.5) 
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where  denotes the time point, and the superscripts , , and  refer to plastic, thermal, and 
creep components respectively. 










 	 , (2.7) 
where  is the Young’s modulus and  is the Poisson’s ratio. 




where ∆  is the equivalent strain increment. 































The elastic and total creep strain components are then calculated by: 
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 Δ  (2.15) 
 Δ . (2.16) 
2.2.6 Inclusion-matrix interface 
An important aspect of reinforced composites is the effective transfer of load from the 
matrix to the inclusions. MMCs consist of a relatively low temperature matrix reinforced with a 
more refractory phase. This substantially increases the temperature capability than the matrix 
alone. The inclusion-matrix interface possesses different materials properties than original 
constituents. An interphase forms due to irreversible chemical reaction during manufacturing, and 
affects the stress transfer between the matrix and reinforcements. The volume and mechanical 
properties of interphases play an important part in determining the overall properties of the 
composite. Constitutive behavior of the interface can be implemented using finite element analysis 
with special interface elements. Progressive matrix-reinforcement debonding results in softening 
behavior of the composite. The quality of reinforcement-matrix bond can affect a wide range of 
mechanical properties. Detailed studies are necessary to expand the development of MMCs and 
application to FGMs. 
From a theoretical and computational mechanics point of view, the interface can be 
classified into two categories: i) interface with perfect bonding, and ii) interface with imperfect 
bonding. In the case of perfect bonding, the interfacial region is considered to have infinite 
stiffness, and complete load transfer takes place between the reinforcements and matrix. The 
average elastic properties, strengths etc. can be obtained by rules-of-mixture based on iso-stress 
and iso-strain conditions. The models are functions of inclusion and matrix stiffness and volume 
fractions. In reality, perfect conditions do not hold and interface stiffness are always finite resulting 
in overestimation of material properties by the ROM models. Complete load transfer does not 
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occur between the inclusions and matrix, as a portion of the external load is absorbed by the 
interface undergoing finite deformation. It is necessary to capture the interface behavior to be able 
to accurately predict the creep properties. Crack propagation at interfaces can be analyzed using 
fracture mechanics techniques such as linear elastic fracture mechanics (LEFM), J-integral 
method, virtual crack extension (VCE), virtual crack closure (VCC) etc. These methods require an 
initial crack and the crack propagation path to be predefined. Other techniques adopt softening 
relationships between tractions and displacements, and introducing the energy required to separate 
interfacial surfaces, known as critical fracture energy. This is known as the cohesive zone model, 
and can solve fracture mechanics problems using continuum mechanics, as the displacement field 
remains continuously differentiable across the interface. The CZM the interfaces are represented 
by separate surface with zero thickness, and the model characterizes a constitutive relation between 
the traction vector  acting along the interface and the corresponding interfacial separation . CZM 
is usually represented by a traction-displacement  curve. Physically, as the surfaces 
separate, the traction initially increases to reach a maximum value and then approaches zero with 
further separation. The areas under the normal traction-separation and shear traction separation 
graphs represent the critical fracture energies for normal and shear separations respectively. 
Various types of  functions used are: i) exponential, ii) polynomial, iii) multilinear, iv) 
trigonometric etc. 
Studies related to stress transfer have been discussed here capture the role of 
interface/interphases. Ghosh, et al. [94] modeled the interfacial debonding of fiber interfaces of 
fiber reinforced composites by implementing cohesive some models in Voronoi cell finite element 
model (VCFEM). Tvergaard [95] used cohesive zone model to analyze the fiber-matrix debonding 
of Al-SiC unit cells. Benabou, et al. [96] computed the overall elastic properties of two-phase 
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composites using finite element analysis. The interface was modeled as an elastic medium with 
normal and tangential stiffnesses. Mondal, et al. [97] modeled single-inclusion FE models of 
MMCs to investigate elastoplastic behaviors as functions of interface stiffness and thickness, and 
reinforcement volume fraction. The effective material properties were significantly reduced for 
interface stiffness less than 25% of the matrix stiffness.  Romanowicz [98] determined stress-strain 
curves for glass-epoxy laminates using computational micromechanics. A unit cell consisting of 
fiber, matrix, and interphase under transverse tension was simulated using FEA, in which interface 
debonding was modeled using a bi-linear cohesive zone model (CZM). The CZM parameters were 
found to influence the macroscopic behavior of the composite. Reinforcement-matrix interface 
also plays an important role in macroscopic mechanical properties of MMCs. Kulkarni, et al. [99] 
used a multiscale approach employing finite element method to evaluate the effective elastic 
properties of carbon nanotube fiber reinforced polymeric composites by considering imperfect 
interfaces. Yuan, et al. [100] analyzed the influence of interfacial stiffness, fracture toughness, 
reinforcement volume fractions and reinforcement aspect ratio on the macro stress-strain curve for 
a single SiC particle reinforced Al-6064 unit cell using cohesive zone model. Figure 2.9 illustrates 
that the interface micro-stress increased with the increase of interfacial stiffness, and flow stress 
increased with the increase of interfacial fracture toughness as a result of enhanced load transfer 
capacity of the interface. Wang et al. [101] simulated the damage initiation and propagation in 
unidirectional glass fiber reinforced epoxy composites by extended finite element method 
(XFEM). Aghdam and Morsali [102] studied the effects of coating, interaction layer, and stress 
relaxation due to matrix viscoplasticity on the thermal residual stress generated in SiC fiber 
reinforced titanium composites using a 3D finite element unit-cell model. Aghdam, et al. [103] 
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then extended the model to predict the effects of interface damage, fiber coating, and thermal 
residual stresses on the off-axis loading characteristics of the composite.  
 
 a)  b) 
Figure 2.9: a) Stress distribution along the interface for different interfacial Young’s modulus, b) 
The effect of interfacial fracture toughness on overall stress-strain curve 
A few articles aimed to study the effects of interfaces on material creep behavior. Goto and 
McLean [104] represented the effect of slipping interface by a thin layer of material (weaker than 
the matrix), separating the fiber and matrix. The model predicted that slipping at fiber/matrix 
interfaces had a dominant effect on the creep behavior of short fiber reinforced composites. 
Mondali, et al. [105] studied the effect of fiber-matrix debonding on the creep behavior of Al6061-
SiC MMCs. Exponential law was assumed for creep behavior of the matrix. To reduce 
computational time and complexity, an axisymmetric single inclusion unit cell was used to 
represent regularly arranged cylindrical fibers in Al matrix. Imperfections in interfaces were 
introduced by debonding section of length of the interface itself, thereby controlling the effective 
length of the perfectly bonded region. This affected the load transfer capability between the matrix 
and fibers, along with the creep behavior of the composite. FEM model with exponential creep 
law showed better prediction of creep response than that using power law. Figure 2.10 shows the 




Figure 2.10: Steady-state creep rates for a range of interface damage [105] 
Pan, et al. [106] studied the effect of interfacial sliding on the time-dependent creep, and 
stress relaxation behaviors of multi-walled carbon nanotube-polypropylene nanocomposites. The 
predicted creep compliance was found to be too stiff when imperfect load transfer condition was 
not used, but a weakened interface captured creep curves accurately. 
2.3 Fabrication of functionally graded cylinders 
Experimental advancement in functionally graded cylindrical structures is slow, and 
articles which are present are limited in scope. Sivakumar, et al. [107] processed and characterized 
a mullite/molybdenum FG hollow cylinder shown in Figure 2.11 using centrifugal molding 
technique.  
 
Figure 2.11: Mullite/Mo FG cylinder by centrifugal molding technique [107] 
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Rajan, et al. [108] fabricated a SiC particle reinforced 365 cast and 2121 wrought 
aluminum FG cylinders using liquid metal stir casting followed by horizontal centrifugal casting 




Figure 2.12: a) SiC particle reinforced aluminum FG hollow-cylinder by horizontal centrifugal 
casting, b) SiC particle concentration from outer periphery of the cylinder 
Lin et al. [109] fabricated FG Al-Si-Mg tubes using centrifugal casting method. Ulukoy, et 
al. [110] produced cylindrical SiCp reinforced aluminum 2014 FGM samples using centrifugal 
casting to investigate fatigue crack behavior. Variation of Young’s modulus along the wall 
thickness is presented in Figure 2.13. 
 
Figure 2.13: Variation of Young’s modulus of cylindrical FGM samples [110] 
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Zygmuntowicz, et al. [111] fabricated nickel reinforced alumina ceramic hollow cylinders 
with three graded zones using centrifugal slip casting. To the authors’ knowledge, experimental 
investigations have not been performed yet on FG pressure vessels. 
2.4 Optimization of functionally graded materials 
Farshi and Bidabadi [112] studied the weight minimization of inhomogeneous rotating 
discs under a high temperature gradient, while restricting equivalent creep stresses at all points 
within allowable limits. Nemat-Alla [113] investigated the composition optimization of 2D FGMs 
subjected to severe thermal loading cycle, by minimizing the maximum temperature or maximum 
equivalent stress. Strain hardening models was adopted to represent the elastic-plastic behavior of 
materials. Boussaa [114] studied a constrained optimization problem to determine the optimal 
composition profile of a thick-walled FG sphere subjected to high thermal gradient. Temperature 
dependent material properties were used in the formulation, and a gradient-based algorithm was 
used for optimization. Na and Kim [115] investigated the volume fraction optimization of FG 
panels to reduce stresses and improve thermal buckling using 3D finite element method. 
Temperature dependent material properties were used, and the volume fraction of constituents 
were varied in the thickness direction using the power-law distribution. The authors extended their 
work for step-formed plates by considering the structure to be composed of numerous 
homogeneous layers of different material properties [116]. Sadollah and Bahreininejad [117] 
implemented metaheuristic algorithms (genetic algorithm, and simulated annealing) to develop 
multi-objective optimization of FG dental implants. Kou, et al. [118] used particle swarm 
optimization technique to investigate the optimal design of FGMs, in which a feature tree based 
procedural method to represent generic material heterogeneities. Fereidoon, et al. [119] presented 
the application of particle swarm-based algorithms for volume fraction optimization of FGMs. 
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Chiba and Sugano [120] presented a method for material composition optimization for thermal 
stress relaxation of FGMs using a multiscale thermoelastic analysis (asymptotic expansion 
homogenization technique coupled with a finite element method) analysis and a genetic algorithm. 
Xu et al. [121] investigated the minimization of thermal residual stress in C/SiC FG coating, arising 
while cooling down from the processing temperature. An analytical model used to determine the 
residual stress was interfaced with particle swarm-based algorithms to determine an optimal 
design. Khanoki and Pasini [122] used multiscale mechanics and design optimization to minimize 
bone resorption and implant interface failure of graded cellular hip implants. Noh, et al. [123] 
proposed a reliability-based design optimization (RDBO) technique to optimize volume fraction 
profiles of FG composites considering uncertainty arising from manufacturing processes. 
Statistical information (mean, standard deviation, and distribution) were considered for 
homogenous layers, and a target reliability was set to maintain structural integrity of the composite. 
Silva and Loja. [124] considered the application of differential evolution algorithm to the 
optimization of residual stress distribution of sandwich panel composed of FGMs.  
2.5 Research novelties 
Portion of the present work is based on a problem statement considered by Nejad and 
Kashkoli [58] in which time-dependent creep solutions were sought. However, the numerical 
results tend to violate important boundary conditions as highlighted in Section 2.1.5, thereby 
deeming the solutions to be ineffective. Furthermore, the problem is extended to include effects of 
internal heat generation within the FGM. Another objective of the study is to introduce a more 
direct technique to characterize and incorporate FGM properties in analyzing the macroscopic 
behavior of pressure vessel structures. 
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The main features of this method are: i) integration of the lower scale by considering basic 
microstructural features (constituent material properties, volume fractions, and particle 
distribution), ii) comparison of simulation results from different micromechanical models, and iii) 
study of effects of exponents in power-function, and sigmoid-function material gradation. Based 
on finite element analysis, homogenization, and creep curve-fitting, the technique enables to vary 
material properties, constitutive behaviors, arrangements and interaction between phases to study 
the influence on the overall creep response of FG composites. The advantage of this model over 
other research works is the implementation of creep properties based on microstructure instead of 
fictitious profiles. As in any composite materials, the material properties and composition of 
constituents play and important role in its overall response. Recent developments in additive 
manufacturing technologies at the micro level enables possibilities of multiscale designs with 
complex architecture. With the development of new FGMs, there is an obvious demand of 
advanced numerical tools to correlate microstructural features to the macroscopic response. 
Further efforts can be made to advance to hierarchical multiscale models with many scales and 
architecture, starting from basic constituents at smaller levels.
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CHAPTER 3:  ANALYTICAL CREEP SOLUTIONS FOR FGM CYLINDER 
The open literature contains numerous theoretical studies suggesting the development of 
functionally graded (FG) pressure vessels. An important part of the problem linking the gradation 
profile to the structural response. The purpose of this chapter is to recall basic equations and 
underlying assumptions to obtain closed-form solutions for thermoelastic stresses and strains, and 
time-dependent solutions for strain accumulated during creep of a FG hollow cylinder. Problem 
description 
3.1 Problem description 
 
Figure 3.1: Illustration of the thermomechanical problem 
A heat-generating hollow FG cylinder with inner and outer radii  and  respectively is 
considered. FG properties are described using the commonly used power law distributions. The 
cylinder is subjected to axisymmetric mechanical and thermal loadings: internal pressure , 
external pressure , and convective environment temperatures  and  at the inner and outer 
surfaces respectively, and angular velocity . The thermomechanical problem is illustrated in 
Figure 3.1. All cross-sections of the cylinder are in the same condition, and the problem becomes 




























for thermoelastic stresses and strains generated due to the combined loading, and ii) to establish 
functional relationships between creep strain rates and stresses, with subsequent implementation 
of a numerical procedure to obtain stress and strain histories. 
3.2 Governing equations and solutions 
3.2.1 Thermoelastic analysis 
The thermoelastic problem is at first, decoupled, and the thermal portion solved to input 
the temperature solution into the mechanical problem. Based on the Fourier’s law of heat 
conduction, the steady-state heat equation with internal heat source is: 
 
1
. 0, (3.1) 
where thermal conductivity, and internal heat generation rate are expressed using power law 
formulae: 
  (3.2) 
 . (3.3) 
It is to be noted that there are no elastic terms in equation (3.1) (classical uncoupled 
thermoelasticity theory). Energy from hot fluid, and that generated within the cylinder are removed 
by an outer coolant, giving convective boundary conditions: 
  (3.4) 
 , (3.5) 
where  and  are convective heat transfer coefficients at the inner and outer surfaces 
respectively.  and  are the inner and outer ambient temperatures respectively.  
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The temperature field is obtained by solving equations (3.1)-(3.5) mentioned above, 












Prediction of stresses requires solving differential equations related to heat transfer, 
equilibrium, compatibility along with stress-strain and strain-displacement relations and 
appropriate boundary conditions.  
For small-deformation, the strain-displacement relations are: 
  (3.8) 
 , (3.9) 
where  is the displacement in the radial direction. Stress equilibrium, and strain compatibility 
equations are: 
  (3.10) 
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 0. (3.11) 










where Young’s modulus, coefficient of thermal expansion and density are assumed as: 
  (3.15) 
  (3.16) 
 . (3.17) 
Poisson’s ratio  has little effect on stress distributions, and can be assumed constant. For 
an infinite cylinder, the displacement is axial direction is prevented (plane strain condition), i.e. 
 0. (3.18) 
The radial stress at the inner and outer surfaces must be equal to the compressive stress of 
internal and external pressures respectively, and the mechanical boundary conditions can be 
written as: 
  (3.19) 
 . (3.20) 
By solving equations (3.6) - (3.20), radial and circumferential strains can be explicitly 
deduced as: 
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. 
And the stresses are obtained using: 
 2 3 2  (3.24) 
 2 3 2  (3.25) 
 . (3.26) 
58 
 
3.2.2 Time-dependent creep solutions 
A functional relationship between creep strain rates and stresses is derived. Taking time 
derivatives, the strain-displacement relations from equations (3.8)-(3.9) become: 
  (3.27) 
 . (3.28) 
Equilibrium and strain compatibility equations are expressed as: 
 0 (3.29) 
 0. (3.30) 
The Norton’s creep constitutive model relates the effective strain rate  and effective 
stress  as: 
 , (3.31) 
where  and  are material creep constants. The Norton’s creep coefficient  is assumed to vary 
along the wall thickness according to: 
 , (3.32) 





The exponent  in equation (3.31) is assumed to be constant to make the problem simpler. 
The effective stress and effective strain rate facilitates the determination on strain rates 





















Equations (3.27) - (3.36) are reduced to form a differential equation of  shown below: 
2 1 2 3 1
2 1 2
1 1 2 2
1 1 1 2
2
3 3
1 1 2 2 0. 
(3.37) 
As the cylinder is exposed to constant pressures, the inner and outer radial stress rates are: 
 0 (3.38) 
 0. (3.39) 
, , 	and	  in equation (3.37) are complicated, and there is no closed form solution 
for the above set of equations. Thus, equations (3.37)-(3.38) are solved numerically by 
approximating each of the quantities into interpolating functions of  in the form of ∑ . Once 
the stress rates are evaluated, the stresses are calculated using an incremental approach: 
, , , , 
 
(3.40) 





A step-by-step flow diagram is shown in Figure 3.2.  
 
Figure 3.2: Flowchart for the computation of creep stress and strain histories 
Start 
0,  
Compute elastic solutions, 
0 
Estimate ∆  
Calculate  and  
? 
End 





Initial creep strains are zero. Accumulated strains are calculated similarly using strain rates from 
equations (3.34)-(3.35) and time increments. Time steps need to be adjusted with time because 
creep strain rates are high during an early stage and decrease with the passage of time. In order to 
reduce computing time while ensuring accurate results, time step at each iteration is selected using 





where the smallest time calculated from  equally spaced points along the thickness is taken. Based 
on equations (3.40) - (3.42), a numerical procedure is implemented using Wolfram Mathematica 
8.0 [126] which gives the stress and strain histories of the cylinder. The process is continued until 
the final time is reached.
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CHAPTER 4:  MULTISCALE CREEP ANALYSIS OF FGM CYLINDERS 
The creep response of FG cylinders has been an area of interest to the solid mechanics 
community. The behavior of such structures depends on the underlying simplifications and 
assumptions. In the last decades, developments have been limited to ideal cases, but not linked to 
the study of multiscale models required to design high performance pressure vessels for extreme 
environments. The studies have been successful in representing the idealized macroscopic 
behavior but are not consistent with the microstructure of FGMs. To bridge the gap between the 
micro and macro levels a practical model for the creep behavior of FG cylindrical vessels has been 
developed. In this chapter, modeling steps and techniques of the proposed multiscale creep analysis 
of a FG thick-walled cylinder has been described. 
4.1 Methodology 
A multiscale approach based on the finite element method is developed to link the 
microscopic and macroscopic scales to predict the creep behavior of FG pressure vessels. The 
model is implemented sequentially: step 1 characterizes the FG composite by determining the 
homogenized creep behavior as a function of volume fraction. Finite element models of particle-
reinforced composite samples are first constructed to compute their homogenized creep behavior. 
Creep parameters are estimated by curve-fitting the data obtained from the finite element study to 
a material model. Step 2 links the estimated parameters to an axisymmetric finite element model 
at the macroscale. Functional gradation is defined by assigning the volume fraction as a field-
variable to each node. Homogenized material properties are interpolated at the integration points 
in the elastic and creep computations to determine the time-dependent response of a pressurized 
FG thick-walled cylinder. The step is computationally efficient because there is no need to model 
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detailed microstructure, or solve an entire RVE at each integration point. A schematic 
representation of the multiscale framework is illustrated in Figure 4.1. 
 
Figure 4.1: Schematic representation of the multiscale framework 
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4.2 Analysis at the microscale 
Consider a FGM composed of two distinct constituents: metal and ceramic. As precise 
morphological information is not available, the effective properties of the composite can be 
determined based on properties of the constituents and the volume fraction. At the micro level, the 
structure is assumed to be composed of spherical ceramic particles of several microns in diameter 
dispersed within a metal matrix. To account for the functional gradation, the spacing between the 
particles is gradually changed from one surface to the other. A schematic micrograph of two-phase 
FGM composite is shown in Figure 4.2.  
 
Figure 4.2: Schematic diagram of a two-phase FGMs [7] 
Computation of creep properties at the microscale in terms of constituent volume fractions 
is the first step in understanding the macroscopic response. The method allows to generate ideal 
microstructures of either periodic (regularly arranged), or random materials accounting for particle 
interactions to be used for homogenization. Single or multi-particle unit-cells much smaller than 
the characteristic size of the macroscopic structure are generated and the effective elastic and creep 
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properties are obtained. Three different models have been used at the micro-level: i) 2D single-
inclusion unit-cell, ii) 3D single-inclusion unit-cell, and iii) 3D SRVE. Each model employs FEM 
to compute creep properties for different local compositions to generate a material model. To 
automate the entire procedure, the models are prepared using scripts developed in MATLAB [127]. 
The volume fraction  of each single-inclusion model is related to the particle radius  and unit-
cell length  using: 
 










For the 3D SRVE model, coordinates of centers, and radii of randomly arranged spheres required 
to meet a required volume fraction are first generated using modified RSA algorithm.  
4.2.1 Modified-random sequential adsorption algorithm (RSA) 
The modified RSA algorithm is capable of simulating an RVE with a given volume fraction 
 by generating a population of reinforcement particles. Spheres are sequentially added to a cube 
of length , not allowing intersection with each other. With identical spheres (monodisperse), a 
jamming limit exists and it is not possible to generate volume fractions more than 30%. However, 
spheres of decreasing sizes can be sequentially added to reach values higher values, up to 60% 




Figure 4.3: Flowchart of the modified-RSA algorithm 
Firstly, radii of all incoming particle that satisfies the volume fraction requirement are 
generated according to desired statistical distribution, and arranged in descending manner. Particle 
centers are produced using a random number generator, and accepted if the distances between the 
Start 






















its center and previously accepted particles exceed a minimum value of 1.05 , where  
is the radius of the candidate particle, and  is the radius of -th accepted particle. To maintain 
periodicity, any particle cutting a face of the unit cell is copied to allowed reappear from the 
opposite face. The particles are also checked to maintain a minimum distance (one-tenth of particle 
radius) from the cell face and also between each other in order to generate an adequate finite 
element mesh. A particle very close to the RVE surface, edge or corner could result in distorted 
finite elements.  
4.2.2 Simulation of creep curves 
Once the unit-cell and particle specifications have been generated, an input file readable 
by ANSYS MAPDL is written, and imported to form a cube with spherical inclusions. Elastic and 
creep material properties are assigned to the matrix and inclusions. The combined time-hardening 
constitutive equation delivers a good model for the primary and secondary stages of creep. It is 
described by a total of 7 parameters. The constitutive equation is given in the ANSYS 




where  through  are the material creep parameters used to fit experimental data. The constants 
 and  can be assumed to be zero as temperature dependence is not considered. In a single-
inclusion unit-cells, only a quarter (for 2D) or one-eighth (for 3D) of the particle-matrix system is 
modeled as result of symmetry. The inclusion and matrix regions are meshed using 8-noded 2D 
quadrilateral elements (element type: PLANE183) for the 2D axisymmetric model, or 10-noded 
3D tetrahedral elements (element type: SOLID187) of the 3D unit-cell or 3D SRVE models. 
Elements at the matrix-inclusion interfaces matrix are further refined.  
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4.2.2.1 Boundary conditions 
The orthogonal mixed-boundary condition (OMBC) is imposed on the micromodels. 
Symmetry boundary condition are applied to the inner surfaces, and iso-displacement boundary 
conditions are imposed on the outer. An iso-displacement condition is applied a face by coupling 
normal displacements of all nodes on it. A uniaxial tensile load is applied in the -direction to 
simulate creep behavior of the RVE.  Figure 4.4 illustrates the three-different unit-cell models 
considered in this study. 
 
 a) b) c) 
Figure 4.4: Mesh and boundary conditions for a) 2D unit-cell, b) 3D unit-cell, and c) 3D SRVE. 
(Figures have different scales) 
The models are implemented using ANSYS Mechanical APDL R16.0-17.2. Owing to the 
large number of degrees-of-freedom to be solved, High Performance Computer (HPC) Philip at 
Louisiana State University is used. A node of the supercomputing cluster has two 4-core 2.93 GHz 
Quad Core Nehalem Xeon 64-bit processors with 24GB 1333MHz RAM. Using volume averaging 
over total elements , the effective creep strain at current time  for a prescribed volume fraction 






and the total unit-cell volume is given by: 
 . (4.5) 
4.2.3 Estimation of creep properties 
A microscale FE creep analysis is performed for different macroscopic loads. For random 
microstructures, the homogenized behavior depends of the size of the RVE. The RVE size  should 
be significantly larger than the particle radius  so as to contain sufficient microstructural features. 
With increasing size of the RVE, the effective properties tend to become independent of the applied 
boundary conditions. To study the existence of RVE, a statistical analysis based on mathematical 
expectation and standard deviation is performed using a series of samples with: i) increasing RVE 
size, and ii) multiple realizations i.e. samples from different inclusion locations with the same 
particle volume fraction. For the SRVE model, numerical averaging is performed over several 
samples to reduce computational resource requirements. The process is repeated for different 
tensile load values, and the creep curves obtained are fitted to the parent creep constitutive equation 
to estimate the creep parameters  through . The operation is now performed for successively 
higher volume fractions until creep parameters for the entire range are evaluated. The ability to 
estimate the creep parameters over a range of volume fractions forms the basis of the multiscale 
framework. The operation is then performed for successively higher volume fractions until creep 
parameters for the entire range are evaluated. To establish the accuracy of homogenized material 
behavior, it is important to check convergence characteristics of finite element solutions. The 
convergence of numerical results is investigated by successive refinement of mesh density, time-
increments each time halving the corresponding values. The ability to estimate the creep 
parameters over a range of volume fractions forms the basis of the multiscale framework. 
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4.2.4 Estimation of thermoelastic properties 
In the present study, the Mori-Tanaka scheme [66] is used to determine the elastic 
properties of the composite. It is applicable for microstructure with a continuous matrix and 
randomly dispersed spherical particulate phase, and considers the interaction of elastic fields 











where  and  are the bulk and shear moduli of the two constituents 1, 2  respectively, 







The Rosen-Hashin relation [70] is useful for estimating the homogenized coefficients of 
thermal expansion : 
 
1 1
1 1 , (4.8) 
where  are the coefficient of thermal expansion of the two constituents 1, 2 . 






where  are the thermal conductivities of the two constituents 1, 2 . 
The density  is calculated using the rule of mixture: 
 1 , (4.10) 
where  are the densities of the two constituents 1, 2 . 
4.3 Analysis at the macroscale 
Considering radial symmetry, an axisymmetric domain of the hollow cylinder is modeled 
in ANSYS MAPDL to reduce computational costs. The dimensions, and loadings, mesh and 
boundary conditions are shown in Figure 4.5. The cylinder has inner and outer radii  and  
respectively, and is exposed to an internal pressure , external pressure , angular speed , and 
a heat-flux of   at the outer wall. The inner wall is held reference temperature of zero. The 
thermoelastic problem is at first decoupled, and the thermal portion solved to input the temperature 
solution into the mechanical problem. The user programmable feature USERMATTH is used for 
the implement the functional gradation. This is done by defining a field variable (local volume 
fraction of constituent 2) at a number of design points in the radial direction. 
 
Figure 4.5: FE model for macroscale 
Inner radius 	
Outer radius  
Pressure  
Axis of symmetry 
DOF UY	 	0 
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A volume fraction profile is implemented to the model by assigning the local volume 
fraction to each node as an initial state value. Spatial variations of material properties are frequently 
calculated using simple homogenization schemes by assuming constituent volume fractions in the 
form of power-law, polynomial, exponential and sigmoidal functions. In this study, a power-
function profile is used to smoothly vary the volume fraction of constituent 2 in the radial direction: 
Power function profile: 
 , (4.11) 
where  and  are the volume fractions at the inner  and outer  surfaces 
respectively, and  is the gradation parameter controlling the shape of the profile. At intermediate 
volume fraction values, the material properties are automatically calculated by linear interpolation. 
Initial elastic stress-strain analysis at the macroscopic level is followed by time dependent creep 
analysis. 
4.4 Multi-objective optimization of FGM cylinder 
 A numerical procedure is presented to determine the optimal material distribution of a 
functionally graded cylinder undergoing creep deformations. The procedure uses graded finite 
elements in determining the creep solution and avoids the disadvantage of discretizing the domain 
into numerous homogeneous layers. Otherwise, the number of design points would be vastly 
increased, and making the optimization problem difficult to solve. The parallel implementation 
drastically reduces the total time for completion of the algorithm. 
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4.4.1 Multiple objective problem 
Optimization problems with multiple objectives are commonly encountered in engineering 
applications. In such cases, the objectives frequently conflict with each other, and instead of a 
single solution, several solutions with best possible trade-offs are sought for. Multi-objective 
problem are as follows: 
minimize , , …  
subject to 
0, 1, 2, … 	  
0, 1, 2, … , 
where , , …  is the decision variable vector,  and  represent the constraint 
functions respectively. 
4.4.2 Particle swarm optimization  
Particle swarm optimization (PSO) is used to solve the multi-objective optimization 
problem. It is a heuristic search technique inspired by the movement of a flock of birds aiming to 
find food. PSO has been found to be effective in engineering structural optimizations. It is a 
derivative free, population based method that is easily parallelized, and have fewer parameters 
than other algorithms such as GA. In PSO, a number of particles ‘fly’ through a multi-dimensional 
search space to explore for the best solution for the optimization problem. The position of particle 
 in a swarm of  particles is randomly initialized, and updated at each iteration using: 
 , (4.12) 
where a pseudo-velocity  represents the socially exchanged information and is calculated by: 
 , (4.13) 
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and  is the pseudo-time,  is the best position of particle , and  is the global best position in 
the swarm.  and  are cognitive and social scaling parameters representing the attraction of a 
particle towards its own success or that of its neighbors. These are usually set at 2 to allow greater 
search area.  is the inertial weight which is reduced from an initial value to allow more refined 
search with time: 
 . (4.14) 
If a particle flies beyond the feasible search space, a ‘fly-back mechanism’ forces the 
particle back to the feasible space by positioning at the boundary. For single-objective optimization 
problems, each particle updates its position based on that of a leader particle. However, in multi-
objective problems, the particles have a set of leaders from which one is selected. These leaders 
are the non-dominated solutions stored in an external achieve known as the repository. The 
contents of the repository are final output of the algorithm. 

















For parallel implementation, the fitness evaluations are performed independently on a 
parallel machine. The local and global best positions are updated after all evaluations have been 
completed; the time required to evaluate the swarm is dictated by the slowest evaluation within 
the swarm. 
4.4.3 Problem description 
A thick-walled functionally graded cylinder is subjected to internal pressure , rotation 
, and heat flux  at the outer surface for time . A radial material gradation is characterized by  
design points along the radius having volume fraction . The objective of this study is to determine 
the material distribution for which the maximum effective stress at the beginning and maximum 
creep strain at end time are as small as possible: 
Find , 1…  
minimize ,  
subject to  




CHAPTER 5:  NUMERICAL RESULTS 
In the previous chapter, procedures for the proposed analytical, and numerical models for 
the computation of creep stress and strains histories were elaborated. This chapter presents a 
collection of important numerical results and observations resulting from the studies. Effects of 
important material gradient indices are investigated and discussed. Qualitative insights into the 
creep behavior of FG cylinders, and numerical benchmark data for qualification of numerical 
solutions are established.  
5.1 Thermoelastic solutions 
Thermoelastic and time-dependent creep response of the cylinder having inner radius 
0.5	m and outer radius 0.75	m have been investigated. Material properties used are 
200	GPa, 0.3, 1.2 10 	K , and 7800	kg/m . Creep data are assumed to 
be	 3.75, and 1 10 MPa h . Gradient indices are varied from 2 to 2 to 
illustrate the influence of material property distributions on thermoelastic and creep stress-strain 
behaviors. A positive index value represents that the physical property at the outer surface is higher 
than that of the value at the inner surface (with a non-linear radial distribution according to the 
power-law), and a negative value indicates lower property value. 
The formulation includes solutions for combined mechanical and thermal loadings. 
Typically, studies have performed illustrative examples by taking equal functional grading 
exponents e.g. . Controlling all material distributions using a 
single parameter fails to demonstrate how responses are influenced by individual material 
gradations, which becomes a primary motivation in materials selection and tailoring of FG 
structures. Parametric studies are thus performed by varying each index form 2 to 2, while 
keeping the others constant at 1. Plots become more revealing when parametric studies are 
77 
 
separately performed for applied pressures, rotation and heat generation in convective 
environments only. Firstly, stress distributions along the cylinder wall thickness at zero time are 
calculated; creep strain components are zero. 
Figure 5.1 shows the effect of Young’s modulus distribution on the stress components due 
to internal pressure only 50	MPa . For all values of , radial stresses are 50	MPa at 
, and zero at , ensuring that mechanical boundary conditions have been satisfied. Hoop and 
axial stress distributions are tensile due to the application of internal pressure, and with the increase 
of index , hoop and axial stress values at the inner surfaces decrease, and magnitudes at the 
outer surface increase. Von Mises stress distribution gives an effective representation of the 
influence of material property inhomogeneity on stress states, and will be considered for the latter 
case illustrations. In this case, von Mises stress takes a homogenized profile throughout the 
cylinder for 2. Thus, Young’s modulus variation along the cylinder has significant effect on 
stress distributions, and an appropriate gradation can be used to attain optimal stresses profiles. 
 
 a)  b) 
Figure 5.1: Effect of  on a) radial, b) circumferential, c) axial, and d) von Mises stress 
distributions along the cylinder thickness for pressure loading only ( 50	MPa  
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(Figure 5.1 continued) 
 
 c)  d) 
Figure 5.2 shows the effect of gradient indices on von Mises stress distribution due to 
angular speed only ( 1200	rpm . In Figure 5.2 a), when  changes from 2 to 2 von 
Mises stress decreases at the inner surface and increases the outer surface. Circumferential and 
axial stress distributions have similar trends, with axial stress being the dominant component. 
Radial stresses are much smaller compared to the other components. It is noticed that an 
appropriate gradation of Young’s modulus can be used to redistribute stresses. Figure 5.2 b) 
illustrates that von Mises stress increases throughout the entire thickness of the cylinder with the 
increase of . Circumferential and axial stresses show similar trend with circumferential stress 
as the dominant component. Radial stresses are again comparatively small. Thus, reduction of 
density along the radius of the cylinder will reduce effective stresses in the entire cylinder.  
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 a)  b) 
Figure 5.2: Effect of a) , and b)  on von Mises stress profile due to angular speed (
1200	rpm  
Figure 5.3 shows the effect of different gradient indices on von Mises stress distribution 
due to heat generation in thermally conductive environments.  
 
 a)  b) 
Figure 5.3: Effect of a) , b) , c) , and d)  on von Mises stress profile due to heat 
generation in thermally convective environment ( 5000	W/m , 	 20	 ,
0	 , 100	W/ m  
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(Figure 5.3 continued) 
 
 c)  d) 
Figure 5.3 a) illustrates that with the increase of , stress remains the same at the inner surface 
of the cylinder and increase at the outer. Thus, reduction of Young’s modulus along the radius of 
the cylinder reduces effective stresses. Figure 5.3 b) shows as  increases, stress throughout the 
cylinder increases. Thus, gradually decreasing coefficient of thermal expansion along the cylinder 
reduces the effective stresses. Figure 5.3 c) shows that with the increase of , stress throughout 
the cylinder decreases. So, a higher thermal conductivity is favored at the outer surface of the 
cylinder. Figure 5.3 d) shows that when  increases, effective stress throughout the cylinder also 
increases. 
5.2 Creep behavior 
In this section, results obtained from the time-dependent creep study are discussed. 
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5.2.1 Comparison with existing literature and validation 
Nejad and Kashkoli [58] studied time-dependent deformations of an FG cylinder without 
considering any heat generation. Equivalent data used in their illustrative example are 20	mm, 
40	mm, 207	GPa, 0.292, 10.8 10 	K , 80	MPa, 0	MPa, 
heatflux 3000	W/m , 43	W/ m. , 6.5	W/ m . , 25	 , 
1.4 10 , 2.25, 1200	rpm, and 7798	kg/m . 
To verify the time-dependent solutions, finite element analysis (FEA) is performed using 
a commercial program, ANSYS Mechanical APDL R16.0. Functional gradation is implemented 
by dividing the cylinder into a large number of homogeneous layers in the radial direction, and 
discretizing using 8-noded elements for thermal and structural analyses. Material gradation in the 
finite element model is shown in Figure 5.4. 
 
Figure 5.4: Finite element modeling of FG cylinder using ANSYS R16.0 
Using the numerical procedure described in Section 3.2.2, stress distributions along the 
radial coordinate after every 64 time-steps are displayed in Figure 5.5. It is clear that creep effects 
on radial stresses is small, but that on circumferential and axial stress distributions are significant. 
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With elapsing time, , , and  redistribute and tend reach a steady state. It can be seen that the 
stress values become more uniform throughout the cylinder with time. The entire axial stress 
distribution decreases considerably during the creep process. There is good agreement between the 
iterative solutions and those using FEA.  
 
 a)  b) 
 
c) 
Figure 5.5: Time-dependent stress redistributions for 10 h: a) radial, b) circumferential, and c) 
axial 
Evolution of circumferential stress and strain at the inner and outer surfaces are plotted in 
Figure 5.6. Strain rate initially decreases and reaches a constant value with time. Strain rate at the 
inner surface is higher than that at the outer. During the initial period, there is significant increase 
in circumferential stress at the inner surface, and the value then decays to a steady-state value. The 
converse holds true at the outer surface. Good agreement is observed between iteratively calculated 
stress/strain histories and that obtained from FEA using ANSYS MAPDL R16.0, demonstrating 





































After 10 h 
Initial 
Solid lines → Iterative solution 
o → FEA using ANSYS MAPDL 
Initial 
After 10 h 
Initial 
After 10 h 
Solid lines → Iterative solution 
o → FEA using ANSYS MAPDL 
Solid lines → Iterative solution 
o → FEA using ANSYS MAPDL 
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accuracy of iterative solutions. It is to be noticed that during the initial redistributions, the cylinder 
experiences peak stress values much higher than initial or steady state levels which would not be 
revealed in a steady-state creep analysis. Thus, time-dependent analyses are vital of design of FG 
thick cylinders.  
 
 a)  b) 
Figure 5.6: Evolution of circumferential a) stress, and b) strain at  and  for 10	h 
5.2.2 Parametric studies 
The method is used to investigate the influence of material property distributions on time-
dependent behavior in FG cylinders.  Parametric studies are once again performed by changing the 
value of each index from 2 to 2, while the others are kept constant at 1 for applied pressures, 
rotation, and heat generation in convective environments respectively. 
Figure 5.7 shows creep responses due to internal pressure only ( 50	MPa  for different 
Young’s modulus and creep coefficient profiles. Figure 5.7 a) and b) show the effect of elastic 
graded factors on the evolution of circumferential stress and strain at inner surface. For all values 
of , stresses appear to converge to the same value. The same behavior holds for radial and axial 
stresses. Thus, steady state stress values are independent of elastic distribution. Strain at the inner 
surface increases with time, and for different values of , the curves become parallel to each 
other. Figure 5.7 c) and d) show the effect of creep coefficient gradation on the circumferential 
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stress and strain histories at the inner surface. For higher values of , steady state stresses, and 
strain rates are also higher. So, smaller creep coefficient at the outer surface leads to smaller creep 
rates in the entire cylinder. 
 
 a)  b) 
 
 c)  d) 
Figure 5.7: Effect of a)  on circumferential stress, b)  on circumferential strain, c)  on 
circumferential stress, and d)  on circumferential strain, at  for pressure loading only, 
( 50	MPa  
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Figure 5.8 illustrates time-dependent behaviors of the cylinder subjected to rotation only 
( 1200	rpm  for different density and creep coefficient profiles.  
 
 a)  b) 
 
 c)  d) 
Figure 5.8: Effect of a)  on circumferential stress, b)  on circumferential strain, c)  on 
circumferential stress, and d)  on circumferential strain at  due to rotation only, (
1200	rpm  
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Figure 5.8 a) and b) shows the development of circumferential stress and strains at the inner surface 
for different density distributions. Steady state stresses, and strain rates are higher for larger values 
of , i.e. stress and creep rate at the inner surface is significantly higher when the density along 
the radius is gradually increased. Figure 5.8 c) and d) show the effects of creep coefficient 
gradation on the evolution of circumferential stress and strain at the inner surface. Higher steady 
stress and creep rate is experienced at the inner surface when creep coefficient is gradually 
increased along the radius. Gradation of Young’s modulus has no effect on long-term response of 
the cylinder. Figure 5.9 shows the effects of different gradient indices of the time-dependent strains 
due to heat generation in a thermally convective environment. Coefficient of thermal expansion, 
thermal conductivity, and heat generation rate distributions only affect the initial thermoelastic 
behavior, but the influences decrease with time. This occurs because stresses due to the 
temperature field quickly relaxes to low values, and do not contribute significantly to the strain 
evolution. 
 
 a)  b) 
Figure 5.9: Effect of a) , b) , and c)  on the evolution of circumferential strain at  
due to heat generation in thermally convective environment ( 5000	W/m , 	
20	 , 0	 , 100	W/ m  
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(Figure 5.9 continued) 
 
c) 
5.3 Multiscale framework results 
Computational limitations make traditional numerical methods unrealistic and ineffective 
in modeling detailed spatial heterogeneities within FGMs. A practical approach is to predict the 
material behavior by solving a boundary value problem of an idealized microstructure, and 
incorporating it into the macro-model. The idealized microstructure, known as the representative 
volume element (RVE) is commonly modeled by two methods. The first one is a unit-cell model, 
which is the smallest repeatable geometry in the RVE, e.g. a single inclusion within a domain. The 
model inherently assumes regular microstructural arrangements, which does not always 
correspond to real microstructures. The second approach is by generating a larger domain - the 
statistically representative volume element (SRVE) - which includes sufficient microstructural 
features into the domain, and captures the random arrangement of heterogeneities. However, this 
requires greater computational effort and expenses. It should be noted that any assumptions made 
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on the ideal model affects the predictive capacity of solutions. Estimation of structural response 
would enable the efficient exploration of material gradation within the design space. 
The focus of this research is to develop a multiscale framework to predict the creep 
response of a FG pressure vessel. To demonstrate the capability of the framework, simulations are 
performed for a FG vessel composed of discontinuous SiC inclusions within a homogeneous 
creeping Al matrix. Three different micromechanical models are compared: i) 2D unit-cell, ii) 3D 
unit-cell, and iii) 3D SRVE. The 2D axisymmetric and 3D unit-cell models represent regularly 
arranged reinforcements, while the 3D SRVE closely depicts the random distribution of particles. 
The creep responses of FG thick cylinders are modeled in two steps. The first step involves the 
micromechanical finite element modeling over a range of volume fractions of SiC particles 
dispersed in Al matrix to predict the overall mechanical properties. The second step requires 
modeling the FG structure using material properties evaluated in the first step. The variation of 
local effective properties in FGMs are characterized by gradual change of volume fraction of the 
two constituents. The results from the FE analysis of three micromodels are described first, 
followed by that from macro-model. 
5.3.1 Results of homogenized creep properties from different micro models 
The homogenized creep properties are presented for a range of volume fractions using 
different micromechanical models. Silicon carbide particle reinforced aluminum composite is 
considered for the FGM. This material combination is chosen since it is widely considered for high 
temperature applications. SiC typically does not undergo noticeable deformation with time 
compared to Al. As a result, it can be modeled as a non-creeping, elastic material. As for aluminum, 
the combined time-hardening creep constitutive model incorporates primary and secondary 
deformation stages. The material properties of Al and SiC are tabulated in Table 5.1. The creep 
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parameters have been reported by Lee, et al. [91] by fitting experimental data of Al-1.5Mg obtained 
from work of Krajewski, et al. [92].  
Table 5.1: Elastic and creep properties of Al-6061 and SiC 
Material 	        
Al 68.3 0.345 2.07e-7 0.5 -0.55 1e-22 7.6 
SiC 470 0.17 - - - - - 
 
For a given volume fraction, creep strain versus time curves are obtained for different load 
values. A commercial package, ANSYS Mechanical APDL R16.0 is used to solve and post-
process the creep results for the FEM. To model the particles and matrix, PLANE183 (8 node 
quadrilateral) elements are used for 2D simulations, and SOLID187 (10 node quadratic tetrahedral 
solid) elements for 3D. The creep curves are fitted to the combined time-hardening equation using 
the curve-fitting tool in ANSYS MAPDL to estimate the parameters. Figure 5.10 illustrates the 
variation of homogenized creep strain versus time curves for different stress values of 40, 50, 60, 
70 and 80 MPa obtained using the 2D unit-cell model of 20% SiC composite. 
 
Figure 5.10: Homogenized creep curves for different load values (2D unit-cell model, 0.2) 


























5.3.1.1 Creep curve fitting 
Once the homogenized creep strain versus time output data at different stress levels are 
obtained, they are fitted to the combined time-hardening equation using a curve-fitting tool in 
ANSYS MAPDL. The toolbox determines creep parameters using non-linear regression. 
Parameters of the parent Al matrix are used as initial seed to obtain a successful solution. A non-
normalized error norm is employed, and the results are verified by considering the regression error 
and comparison with test data. Five parameters: , , , ,  are primarily adjusted to fit the 
simulated creep curves.  and  characterize the temperature dependence of creep curves and 
are taken as zero. Figure 5.11 shows the fitted surface for 0.2 using the 2D unit-cell model. 
The markers represent data points obtained from homogenization of micromechanical model, and 
the surface represents the fitted equation. The procedure is repeated for a range of volume fraction 
values to incorporate the influence of volume fraction into the FG micromodel. 
 
Figure 5.11: Surface fit of creep curves (2D model, 0.2) 
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5.3.1.2 Convergence study of creep parameters 
Typically, the homogenized properties will depend upon the element size and time-step 
used in the FEA. Convergence checks on mesh and time discretization of finite element solutions 
are performed prior to providing numerical results. Our particular interests are on homogenized 
creep curves, and fitted creep parameters. Convergence checks on the mesh and time discretization 
are performed by successively halving the element size and maximum time-step respectively. 
Figure 5.12 depicts the convergence characteristics of parameter  obtained from the 2D model 
for all volume fraction values as the element size or maximum time-step is refined. The values are 
found to be almost identical for different element sizes of /8 and /16.  
  
 a)  b) 
Figure 5.12: Sensitivity analysis of parameter  as a function of volume fraction: a) element 
sizes of /8 and /16, and b) maximum time-step of 6500, 3250, 1625, and 812.5 s 
For the time setting convergence study, maximum time-steps of 6500 s, 3125 s, 1625 s, and 812.5 
s are considered. Creep parameters are found to be similar for smaller volume fractions, and the 
differences at higher concentration decreases with successive refinements. There is only a 2.3% 
change during the final refinement. The maximum time-step have often been controlled by 
Volume fraction, Vf





























employing a maximum creep ratio 1 [130]. Although a high value reduces the computational 
time, it may lead to some discretization error. 
5.3.1.3 Comparison of different micromodels 
For the multi-particle model, the SRVE size should be much smaller than the length scale 
of the FGM cylinder but large enough to contain sufficient microstructural features occurring for 
a particular volume fraction. For small SRVE sizes, there will be variation in homogenized creep 
response between distinct RVE realizations with the same volume fraction. Figure 5.13 illustrates 
three SRVE realizations generated for 0.2 and 20	μm. 
   
Figure 5.13: Three random RVE samples for 0.2011 and 20	μm 
Figure 5.14 shows the homogenized creep curves for 150	h obtained from 25 different 
SRVE realizations and the averaged curve for two different RVE lengths 20	&	40	μm. It is to 
be noted that volume fraction values are slightly offset of 0.2 for 20 and 40	μm, because the 
RVEs can only accommodate full-sized spheres of a fixed radius (mono-disperse).  Increasing the 
RVE size leads to smaller variation of homogenized creep response within the samples, but the 
average curves remains the same for 20 and 40	μm. In other words, the ensemble average of 
homogenized creep response becomes independent of the RVE size. Instead of performing one 
finite element simulation of a very large SRVE, averaging the homogenized responses over a large 
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number of smaller RVEs appear to be a computationally more efficient approach. To ensure good 
accuracy and reasonable run times, the finite element settings listed in Table 5.2 have been used 
in the simulations. 
 
 a)  b) 
Figure 5.14: Average creep curve of 25 realizations for 0.2 and 50	MPa: a) 
20	μm, and b) 40	μm 
Table 5.2: RVE size, number of realizations, and element size used in different models 
Model RVE size, 	  Realizations Element size 
Single-inclusion 2D axisymmetric varies - /8 
Single-inclusion 3D varies - /4 
Multi-inclusion SRVE 20 20 /32 
 
The final meshes used 2D and 3D unit-cell models contain approximately 2,000 eight-node 
quadrilateral elements and 30,000 ten-node tetrahedral elements respectively. The 3D SRVE 
micromodels contain about 250,000 elements and 340,000 nodes. The three-dimensional models 
require supercomputing facilities. Evaluation of a creep curve from a single realization of 3D 
SRVE model requires 1.53 h of computing time on an 8-core, 24 GB memory supercomputer, and 








































that from a 3D unit-cell model takes 0.29 h. The 2D axisymmetric model is far less complex and 
requires only 68 s. The fitted parameters of the homogenized creep response from different types 
of FE models (2D, 3D single-inclusion, and 3D SRVE) are plotted as a function of volume fraction 
in Figure 5.15. In total, 100 individual FE simulations are performed for each single-inclusion 
model, and 700 for the 3D SRVE. 
  
 a)  b) 
  
 c)  d) 































































(Figure 5.15 continued) 
 
e) 
Up to this point, the creep behavior at the microscopic level for a range of inclusion volume 
fraction has been determined. To demonstrate applicability of the multiscale approach, an Al/SiC 
FGM hollow cylinder subjected to pressure loadings is considered. The SiC composition 
(constituent 2) smoothly varies in the radial direction, from  at the inner to   at the outer surface 
of the cylinder. The hollow-cylinder has an internal radius 1	m and an outer radius 1.2	m 
is subjected to a uniform pressure 15	MPa on its inner surface.  
5.3.2 Results of macroscopic creep analysis 
A 2D axisymmetric finite element model using ANSYS MAPDL is used to analyze the 
macroscopic creep behavior of the FG thick-cylinder for different volume fraction profiles. The 
finite element is meshed with 8-noded quadrilateral (PLANE183) elements. The volume fraction 
of constituent 2 at each location over the domain are determined from the gradation profile, and 
assigned to each node as an initial state variable 	ϵ	 0,1 . The fraction of the two constituents 
add up to 1, i.e. 1. The homogenized thermoelastic properties are calculated using the 
Volume fraction, Vf














Mori-Tanaka [66], Rosen-Hashin [70], and Hatta-Taya [69] schemes. The effective creep 
properties for range of field-variable values are determined using the homogenization, ensemble 
averaging and surface fitting procedure. A macroscopic analysis is performed to obtain time-
dependent stresses and strains. Validity of the time-dependent finite element results has already 
been established in Section 5.2.1.  
Figure 5.16 illustrates the volume fraction profiles for different values of  for power-
function (Eq. 4.11) for 0 and 0.5.  
  
Figure 5.16: Power-function volume fraction profiles for different values of  ( 0, 0.5  
As exponent  increases, the SiC content in the interior region (and the overall SiC content) of the 
cylinder decrease. The effect of parameter  is translated into the macroscopic problem through a 
change in thermoelastic and creep behavior within the cylinder. 
Figure 5.17 shows the macroscopic creep strain histories at inner and outer surfaces, and 
stress distributions up to 150	h of creeping using the homogenized creep curves from the 2D 
micromechanical model. The composite is graded linearly 1  in the radial direction with 
0 and 0.5. The initial stress distribution curves (at 0) are also shown as dashed 
lines. Initially, the radial stress is compressive throughout the cylinder and is equal to 15	MPa 
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on the inner surface, and zero on the outer boundary surface, satisfying the imposed boundary 
conditions.  
  
 a)  b) 
Figure 5.17: a) Stress component distributions along the thickness, b) Evolution of creep strain 
components with time at different locations, (dotted lines indicate initial conditions, and the solid 
lines represent after reaching steady state) 
Both tangential and axial stresses are tensile, and increases with increasing radius to attain a 
maximum at the outer surface. The effective stress also increases with increasing radius. With 
creep accumulation, the radial stress changes little, but the tangential stress is decreases at the inner 
surface, and increases at the outer surface. The axial stress component increases throughout the 
cylinder. Each section of the cylinder experiences a multiaxial state of time-varying stresses, 
whereas the creep model is generated from a uniaxial model. Since the maximum creep strain 
components are located at the inner surface of the cylinder, history of the tangential creep strain at 
the inner surface and von Mises effective stress distribution throughout the cylinder wall at steady 
state have been selected to represent the stress and creep strain situation in the following 
investigations.  
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Dashed lines: t = 0
Solid lines: t = 150h
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5.3.2.1  Effects of using different micromechanical models 
To compare the effects of different homogenization models, creep strains histories and von 
Mises stress distribution are shown in Figure 5.18. The macroscopic creep strain histories and 
steady-state stresses are found to be close for all three models. The 2D unit-cell model is fast and 
provides results close to those from the larger 3D models. 
  
 a)  b) 
Figure 5.18: Comparison of a) von Mises stress distribution, and b) evolution of maximum creep 
strain for different micromechanical models (2D, 3D, and 3D SRVE) 
5.3.2.2 Parametric studies using thermoelastic creep model 
Parametric studies are conducted for a FGM pressure vessel to examine the effect of 
boundary conditions on the creep strain and stress distributions. The hollow-cylinder is subjected 
to a uniform pressure  on its inner surface, and angular speed . The inner surface is held at the 
stress-free reference temperature 0, and the outer surface is exposed to a heat flux . Figure 
5.19 - Figure 5.21 show the creep strain history, and von Mises stress distribution for increased 
loadings. In all cases, the creep strain and von Mises stresses are higher throughout the cylinder. 
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 a)  b) 
  
 c)  d) 
 
e) 
Figure 5.19: Effect of internal pressure  on a) equivalent creep strain along radius, b) 
equivalent creep strain history at , c) equivalent stress distribution at 0, d) equivalent 
stress distribution at 100	h, and e) equivalent stress history at , ( 0, 0.5, 
1) 
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Radial location, r (m)































































 a)  b) 
  
 (c)  (d) 
 
e) 
Figure 5.20: Effect of angular speed  on a) equivalent creep strain along radius, b) equivalent 
creep strain history at , c) equivalent stress distribution at 0, d) equivalent stress 
distribution at 100	h, and e) equivalent stress history at , ( 0, 0.5, 1) 
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Radial location, r (m)




























Radial location, r (m)



































































 a)  b) 
  
 c)  d) 
 
e) 
Figure 5.21: Effect of heat flux  on a) equivalent creep strain along radius, b) equivalent creep 
strain history at , c) equivalent stress distribution at 0, d) equivalent stress distribution 
at 100	h, and e) equivalent stress history at , 0, 0.5, 1) 
Radial location, r (m)
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5.4 Multi-objective optimization results 
Table 5.3 lists the loading data and multi-objective particle swarm optimization (MOPSO) 
parameters used in the optimization study. Figure 5.25 shows the Pareto front and non-dominated 
solutions obtained from five individual runs to minimize maximum stress and creep strain. 
Table 5.3: Geometry, loading, and MOPSO parameters 
FGM geometry, loading, and MOPSO parameters 
Inner radius, 1	m  
Outer radius, 1.25	m 
Internal pressure, 10	MPa 
Angular speed, 500	rpm 
Heat flux, 10,000	W/m  
Inner temperature, 0 
 
Maximum iteration 	200 
Swarm population size 	8 
Repository size 	100 
Initial inertial weight, 	0.9 
Personal learning coefficient, 2 
Global learning coefficient, 2 
Number of grids per dimension 	7 
Inflation rate 	0.1 
Leader selection pressure, 2 
Deletion selection pressure, 2 
Mutation rate, 0.1 
 
 a)  b) 
Figure 5.22: a) Pareto front, and b) corresponding non-dominated solutions obtained from five 
runs
1st objective





































CHAPTER 6:  CONCLUSIONS AND RECOMMENDATIONS 
6.1 Conclusions 
To determine safety requirements of functionally graded (FG) pressure vessels, time-
dependent structural integrity assessment procedures need to be established. Firstly, thermoelastic 
and time-dependent stress/strain solutions of a heat generating and rotating FG cylindrical vessel 
are studied in this paper. Individual material property profiles are described using power-functions. 
Exact solutions are obtained for thermoelastic stress and strain distributions. A numerical 
procedure based on successive solutions is employed to obtain time-varying stress and strain 
histories. Results are presented, which are useful for validation purposes of more complicated 
cases e.g. temperature dependent materials, more general material property distributions etc. The 
study provides valuable hints to material scientists and engineers in choosing material gradients 
for minimizing creep damage. Significant results and observations from this work are summarized 
as follows: 
1. Temperature and initial stress distributions are strong functions of the radial variations 
of Young’s modulus, coefficient of thermal expansion, thermal conductivity, and heat 
generation rate. 
2. An objective of the work is the identification of qualitative trends. By increasing the 
gradient parameter for Young’s modulus, effective stress due to internal pressure or 
rotation is reduced at the inner surface and increased at the outer surface. In case of 
rotation, increasing the density gradient index increases stresses throughout the 
cylinder. For heat generation in convective environment, increasing indices controlling 
Young’s modulus, coefficient of thermal expansion and heat generation rate increase 
effective stresses throughout the cylinder, while increasing the thermal conductivity 
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gradient index reduces the stress profile. When the loading conditions are present 
together, parametric studies using the derived expressions will facilitate the 
determination of appropriate material property gradients favorable structural integrity 
of the cylinder. 
3. Although a steady state creep constitutive equation is used, the time-dependent curves 
illustrate two stages of deformation: initial redistribution of stresses, followed by 
constant stress values. Stress redistribution take place until each point attains a steady 
creep rate compatible with the rest of the material. 
4. With elapsing time, stresses approach steady-state values. Final stress levels depend 
upon the density and creep parameter distributions only. Gradual reduction of density 
and creep coefficient along the thickness improves creep resistance of the cylinder. 
Gradation of elastic modulus, thermal conductivity, and coefficient of thermal 
expansion affect strain rates only during the initial stage and does not contribute in long 
term creep behavior.  The cylinder may experience peak stresses during initial 
redistribution. FE results are in good agreement with semi-analytical solutions. The 
findings have been published in [131]. 
FGMs are composed of gradually varying composition, with the possibility of hierarchical 
microstructures. In order to predict the time-dependent response at the macroscale, effects of 
microstructural features on the creep behavior need to be quantified. Multiscale techniques are 
effective in incorporating underlying deformation and failure mechanisms at smaller scales. 
However, limited work has been reported on the multiscale creep modeling of FGMs. A multiscale 
model has been developed to incorporate material properties of constituents into the creep study. 
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The framework relates the time-dependent behavior of the matrix into the micromechanical model, 
and further integrates it to the macroscopic model. At a local scale, the Mori-Tanaka scheme is 
used to estimate the homogenized elastic properties, and a finite-element based homogenization 
techniques is used to estimate the creep response. Creep characteristics are described by the 
combined time-hardening creep model. The model has been successfully implemented to study the 
time-histories of creep strains and stress distributions of FG thick-cylinder. The model has been 
further employed to compare the creep response of any internally pressurized cylinder (linearly 
graded) using three different micromechanical models: a) 2D axisymmetric unit cell, b) 3D unit 
cell, and c) 3D SRVE. It is found that the macroscopic stress-strain results based on the 2D single-
inclusion micromechanical model are close to that obtained from more realistic 3D SRVE model, 
while providing computational simplicity. The framework is being currently used examine the 
influence on different composition profiles of Al-SiCp the evolution of creep stresses and strains 
with time.  
It is obvious that manufacturing guidance of functionally graded materials requires the 
availability of material properties depending upon the microstructural features. The application of 
non-linearities in RVEs opens the path to relating the macroscopic responses to material properties 
the microscale. Analytical and numerical analysis plays a crucial role in understanding functionally 
graded materials in absence of experimental mechanics theoretical comprehension of structural 
response in order to obtain outstanding properties through design at microstructural length scales. 
This work illustrates a numerical technique to provide insights into the creep behavior of FG 
cylinders. It is to be noted that MMCs are hugely affected by the fabrication process itself, so it is 
possible for experimental analysis to reveal different predictions. The procedure aims to develop 
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an efficient tool to investigate the general influence of functional gradation on the creep response 
of FG cylinders.  
6.2 Recommendations for future work 
1. The analytical formulation is being modified to include generalized plane strain 
formulation to investigate axial stresses developed due to closed ends. 
2. The mechanical behaviors of particulate composites are influenced by the matrix-
inclusion bonding. Interfaces often get weakened due to high residual stresses arising 
from mismatches in thermo-mechanical properties during fabrication. Sometimes, the 
bonding is intentionally weakened by the addition of a thin interphase material between 
the inclusion and matrix, to introduce beneficial improve properties such as the ability 
to withstand high residual stresses during processing, chemical compatibility, fracture 
toughness etc. However, it come at the expense of decreased creep and fatigue 
resistance of the composite. The effects of interface properties on the creep behavior of 
MMCs can be investigated. 
3. Presently, the dissertation has only dealt with temperature independent material 
properties. For materials which experience large variations in temperature, the creep 
properties are sensitive to temperature. To account for temperature effects, the 
temperature range experienced by the material needs to be considered to adjust the 
fitting-parameters. The multiscale model can be modified to study the effects of 
elevated temperatures and temperature-dependent material properties on the creep 
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